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Prediction in artificial neural networks is inspired by the brain.
Is learning in the brain inspired by artificial neural networks?
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I hope you enjoyed my talk!

Prediction in artificial neural networks is inspired by the brain.
Is learning in the brain inspired by artificial neural networks?

Nope.
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Prediction in artificial neural networks is inspired by the brain.
Is learning in the brain inspired by artificial neural networks?
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weight 
transport 
problem

symmetric 
weights 
problem

Backprop

Individual neurons 
are unidirectional.
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W |
1

<latexit sha1_base64="7GdFtJLbYJERiehD19ySrMpJKoQ=">AAAB9HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYXFh7emWFm3yARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3hqj0jyWD2aSoB/RgeQhZ9RYy2/1vMculwYVo6JXrrhVdy6yCl4OFchV75W/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixKGmE2s/mR0/JmXX6JIyVfdKQuft7IqOR1pMosJ0RNUO9XJuZ/9U6qQmv/YzLJDUo2WJRmApiYjJLgPS5QmbExAJlittbCRtSRZlNQZdsCN7yl1eheVH1LN9fVmo3eRxFOIFTOAcPrqAGd1CHBjB4gmd4hTdn7Lw4787HorXg5DPH8EfO5w+Ia5Hv</latexit><latexit sha1_base64="7GdFtJLbYJERiehD19ySrMpJKoQ=">AAAB9HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYXFh7emWFm3yARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3hqj0jyWD2aSoB/RgeQhZ9RYy2/1vMculwYVo6JXrrhVdy6yCl4OFchV75W/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixKGmE2s/mR0/JmXX6JIyVfdKQuft7IqOR1pMosJ0RNUO9XJuZ/9U6qQmv/YzLJDUo2WJRmApiYjJLgPS5QmbExAJlittbCRtSRZlNQZdsCN7yl1eheVH1LN9fVmo3eRxFOIFTOAcPrqAGd1CHBjB4gmd4hTdn7Lw4787HorXg5DPH8EfO5w+Ia5Hv</latexit><latexit sha1_base64="7GdFtJLbYJERiehD19ySrMpJKoQ=">AAAB9HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYXFh7emWFm3yARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3hqj0jyWD2aSoB/RgeQhZ9RYy2/1vMculwYVo6JXrrhVdy6yCl4OFchV75W/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixKGmE2s/mR0/JmXX6JIyVfdKQuft7IqOR1pMosJ0RNUO9XJuZ/9U6qQmv/YzLJDUo2WJRmApiYjJLgPS5QmbExAJlittbCRtSRZlNQZdsCN7yl1eheVH1LN9fVmo3eRxFOIFTOAcPrqAGd1CHBjB4gmd4hTdn7Lw4787HorXg5DPH8EfO5w+Ia5Hv</latexit><latexit sha1_base64="7GdFtJLbYJERiehD19ySrMpJKoQ=">AAAB9HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYXFh7emWFm3yARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3hqj0jyWD2aSoB/RgeQhZ9RYy2/1vMculwYVo6JXrrhVdy6yCl4OFchV75W/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixKGmE2s/mR0/JmXX6JIyVfdKQuft7IqOR1pMosJ0RNUO9XJuZ/9U6qQmv/YzLJDUo2WJRmApiYjJLgPS5QmbExAJlittbCRtSRZlNQZdsCN7yl1eheVH1LN9fVmo3eRxFOIFTOAcPrqAGd1CHBjB4gmd4hTdn7Lw4787HorXg5DPH8EfO5w+Ia5Hv</latexit>

W1
<latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit>

Prediction in artificial neural networks is inspired by the brain.
Is learning in the brain inspired by artificial neural networks?

W0
<latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit>

W1
<latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit>

B
<latexit sha1_base64="p1wzviV/tGb7QBxZqgVfgtOoci4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix68dhCv6ANZbOdtGs3m7C7EUroL/DiQRGv/iRv/hu3bQ7a+mDg8d4MM/OCRHBtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsWyYSYJ+RIeSh5xRY6X6Xb9UdivuHGSVeDkpQ45av/TVG8QsjVAaJqjWXc9NjJ9RZTgTOC32Uo0JZWM6xK6lkkao/Wx+6JScW2VAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE976GZdJalCyxaIwFcTEZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7QheMsvr5LWZcW7qrj163K1kcdRgFM4gwvw4Aaq8AA1aAIDhGd4hTfn0Xlx3p2PReuak8+cwB84nz+adYza</latexit>

Feedback 
Alignment

Backprop

W0
<latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit>
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Prediction in artificial neural networks is inspired by the brain.
Is learning in the brain inspired by artificial neural networks?

The weight symmetry problem  
[is] arguably the crux of BP’s 

biological implausibility.



Prediction in artificial neural networks is inspired by the brain.
Is learning in the brain inspired by artificial neural networks?

Many of these algorithms perform well for MNIST, but for CIFAR and ImageNet we 
find that TP and FA variants perform significantly worse than BP, especially for 
networks composed of locally connected units, opening questions about whether 
new architectures and algorithms are required to scale these approaches.

NeurIPS 2018



Prediction in artificial neural networks is inspired by the brain.
Is learning in the brain inspired by artificial neural networks?

Theorem: L2-regularized linear autoencoders are symmetric at all critical points.

W2 = WT
1
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weight 
decay



Prediction in artificial neural networks is inspired by the brain.
Is learning in the brain inspired by artificial neural networks?

Theorem: L2-regularized linear autoencoders are symmetric at all critical points.

On Sun, Feb 10, 2019 at 2:16 PM Yoshua Bengio <yoshua.bengio@mila.quebec> wrote:

Thanks for reaching out, this is interesting.

The question of obtaining the transpose is actually pretty important for research on a 
biologically plausible version of backprop, because if you obtain approximate transposes, 
then several local learning rules give rise to gradient estimator analogues of backdrop.

Cheers,
-- Yoshua



Prediction in artificial neural networks is inspired by the brain.
Is learning in the brain inspired by artificial neural networks?

Yes.

By pure logic.



Prediction in artificial neural networks is inspired by the brain.
Is learning in the brain inspired by artificial neural networks?

Maybe.

And wouldn’t it be fun to build 
toward statements that could be 

verified or falsified with rigor?



Prediction in artificial neural networks is inspired by the brain.
Is learning in the brain inspired by artificial neural networks?
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<latexit sha1_base64="ULbV1CtY7Yf8eOjCDNbao2Du8kA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V+wVtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vp7CxubW9U9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3dzvPHFtRKyaOE24H9GREqFgFK302BnUBuWKW3UXIOvEy0kFcjQG5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny1OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieOtnQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk3at6l1V3YfrSr2Zx1GEMziHS/DgBupwDw1oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPH+DzjZQ=</latexit>

W0
<latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit>

W |
1

<latexit sha1_base64="7GdFtJLbYJERiehD19ySrMpJKoQ=">AAAB9HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYXFh7emWFm3yARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3hqj0jyWD2aSoB/RgeQhZ9RYy2/1vMculwYVo6JXrrhVdy6yCl4OFchV75W/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixKGmE2s/mR0/JmXX6JIyVfdKQuft7IqOR1pMosJ0RNUO9XJuZ/9U6qQmv/YzLJDUo2WJRmApiYjJLgPS5QmbExAJlittbCRtSRZlNQZdsCN7yl1eheVH1LN9fVmo3eRxFOIFTOAcPrqAGd1CHBjB4gmd4hTdn7Lw4787HorXg5DPH8EfO5w+Ia5Hv</latexit><latexit sha1_base64="7GdFtJLbYJERiehD19ySrMpJKoQ=">AAAB9HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYXFh7emWFm3yARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3hqj0jyWD2aSoB/RgeQhZ9RYy2/1vMculwYVo6JXrrhVdy6yCl4OFchV75W/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixKGmE2s/mR0/JmXX6JIyVfdKQuft7IqOR1pMosJ0RNUO9XJuZ/9U6qQmv/YzLJDUo2WJRmApiYjJLgPS5QmbExAJlittbCRtSRZlNQZdsCN7yl1eheVH1LN9fVmo3eRxFOIFTOAcPrqAGd1CHBjB4gmd4hTdn7Lw4787HorXg5DPH8EfO5w+Ia5Hv</latexit><latexit sha1_base64="7GdFtJLbYJERiehD19ySrMpJKoQ=">AAAB9HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYXFh7emWFm3yARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3hqj0jyWD2aSoB/RgeQhZ9RYy2/1vMculwYVo6JXrrhVdy6yCl4OFchV75W/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixKGmE2s/mR0/JmXX6JIyVfdKQuft7IqOR1pMosJ0RNUO9XJuZ/9U6qQmv/YzLJDUo2WJRmApiYjJLgPS5QmbExAJlittbCRtSRZlNQZdsCN7yl1eheVH1LN9fVmo3eRxFOIFTOAcPrqAGd1CHBjB4gmd4hTdn7Lw4787HorXg5DPH8EfO5w+Ia5Hv</latexit><latexit sha1_base64="7GdFtJLbYJERiehD19ySrMpJKoQ=">AAAB9HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYXFh7emWFm3yARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3hqj0jyWD2aSoB/RgeQhZ9RYy2/1vMculwYVo6JXrrhVdy6yCl4OFchV75W/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixKGmE2s/mR0/JmXX6JIyVfdKQuft7IqOR1pMosJ0RNUO9XJuZ/9U6qQmv/YzLJDUo2WJRmApiYjJLgPS5QmbExAJlittbCRtSRZlNQZdsCN7yl1eheVH1LN9fVmo3eRxFOIFTOAcPrqAGd1CHBjB4gmd4hTdn7Lw4787HorXg5DPH8EfO5w+Ia5Hv</latexit>

W1
<latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit>

W0
<latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit>

W1
<latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit>

B
<latexit sha1_base64="p1wzviV/tGb7QBxZqgVfgtOoci4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix68dhCv6ANZbOdtGs3m7C7EUroL/DiQRGv/iRv/hu3bQ7a+mDg8d4MM/OCRHBtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsWyYSYJ+RIeSh5xRY6X6Xb9UdivuHGSVeDkpQ45av/TVG8QsjVAaJqjWXc9NjJ9RZTgTOC32Uo0JZWM6xK6lkkao/Wx+6JScW2VAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE976GZdJalCyxaIwFcTEZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7QheMsvr5LWZcW7qrj163K1kcdRgFM4gwvw4Aaq8AA1aAIDhGd4hTfn0Xlx3p2PReuak8+cwB84nz+adYza</latexit>

Feedback 
Alignment

Backprop

W0
<latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit>

W1
<latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit>

W2
<latexit sha1_base64="ULbV1CtY7Yf8eOjCDNbao2Du8kA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V+wVtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vp7CxubW9U9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3dzvPHFtRKyaOE24H9GREqFgFK302BnUBuWKW3UXIOvEy0kFcjQG5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny1OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieOtnQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk3at6l1V3YfrSr2Zx1GEMziHS/DgBupwDw1oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPH+DzjZQ=</latexit>

Information 
Alignment

Symmetric 
Alignment



Why did the 
mathematician 
cross the road?

The intermediate 
value theorem.



cell

gene



cell

gene

RNA molecules for 
that gene in that cell



f1
<latexit sha1_base64="lzt5VcoclOkduoBqm66/UBNlUHo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpIRx4g2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+anzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UY3viZUEmKXLHFojCVBGOS/02GQnOGcmoJZVrYWwkbU00Z2nQqNgRv+eVV0r6oe5d19/6q1mgWcZThBE7hHDy4hgbcQRNawGAEz/AKb450Xpx352PRWnKKmWP4A+fzB/UVjZ4=</latexit>

f2
<latexit sha1_base64="xNaTWkC8spCx4YSQFBaFSXTVBr8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+GgNihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+q6t7XK41mHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwD2mY2f</latexit>

Representation Learning of Cell++
cell

gene



Representation Learning of Cell++
cell

gene gene 
module

cell type

f2
<latexit sha1_base64="xNaTWkC8spCx4YSQFBaFSXTVBr8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+GgNihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+q6t7XK41mHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwD2mY2f</latexit>

g
<latexit sha1_base64="uI46DUujDxQ+MZYBf9k9hTP0x8M=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORqUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp611W3WavUG3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwB0VWM+w==</latexit>

ˆ
<latexit sha1_base64="9QubCtqnv6zn+7XtWYoqUsCYsi4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8cK9gOaUDbbTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3nrg2QiUPOEl5ENNhIiLBKFqp7Y8oEr9frbl1dw6ySryC1KBAs1/98geKZTFPkElqTM9zUwxyqlEwyacVPzM8pWxMh7xnaUJjboJ8fu2UnFllQCKlbSVI5urviZzGxkzi0HbGFEdm2ZuJ/3m9DKObIBdJmiFP2GJRlEmCisxeJwOhOUM5sYQyLeythI2opgxtQBUbgrf88ippX9S9y7p7f1VrNIs4ynACp3AOHlxDA+6gCS1g8AjP8ApvjnJenHfnY9FacoqZY/gD5/MHG2iO2w==</latexit>

f1
<latexit sha1_base64="lzt5VcoclOkduoBqm66/UBNlUHo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpIRx4g2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+anzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UY3viZUEmKXLHFojCVBGOS/02GQnOGcmoJZVrYWwkbU00Z2nQqNgRv+eVV0r6oe5d19/6q1mgWcZThBE7hHDy4hgbcQRNawGAEz/AKb450Xpx352PRWnKKmWP4A+fzB/UVjZ4=</latexit>

Non-linear 
Singular Value 
Decomposition

X = U⌃V |
<latexit sha1_base64="VgpFA3HLONIY8Rf8d2u/CuEYqT4=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8FQSFfQiFLx4rNi0hSaWyXbTLt1swu5GKKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXppwp7Tjf1tLyyuraemmjvLm1vbNr7+03VZJJQj2S8ES2Q1CUM0E9zTSn7VRSiENOW+HwZuK3HqlULBENPUppEENfsIgR0Ebq2odtfI09/571Y8DNB58JTSUB3rUrTtWZAi8StyAVVKDetb/8XkKymApNOCjVcZ1UBzlIzQin47KfKZoCGUKfdgwVEFMV5NMHxvjEKD0cJdKU0Hiq/p7IIVZqFIemMwY9UPPeRPzP62Q6ugpyJtJMU0Fmi6KMY53gSRq4xyQlmo8MASKZuRWTAUggJgVVNiG48y8vkuZZ1T2vOncXlVqjiKOEjtAxOkUuukQ1dIvqyEMEjdEzekVv1pP1Yr1bH7PWJauYOUB/YH3+AEH+lZ4=</latexit>



Linear Autoencoder

W1
<latexit sha1_base64="BRgLUZ1OcldYkFDGykl1moDxVNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI8BLx7jIw9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHtp9r1+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL3LqntXq9Tv8ziKcAKncA4eXEEdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPe1Y2R</latexit>

W2
<latexit sha1_base64="LBznW7jcZe9h19UtH041of4GTJs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx7jIw9IljA76U2GzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSQ7tf65crbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVb2Lqnt3Wanf53EU4QRO4Rw8uII63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfgWY2S</latexit>

X
<latexit sha1_base64="n2Uzv8Ub/ndG7SbbAZItiaciUiA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8dW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrU7vM4inACp3AOHlxDDe6gDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDuzOM7g==</latexit>

W1X
<latexit sha1_base64="hPiO/kR+5k98f/kSchYr5hfR4ZI=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8cqpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px7cxvP3FtRKIecZLyIKZDJSLBKFrJb/c90ulXa27dnYOsEq8gNSjQ7Fe/eoOEZTFXyCQ1puu5KQY51SiY5NNKLzM8pWxMh7xrqaIxN0E+P3ZKzqwyIFGibSkkc/X3RE5jYyZxaDtjiiOz7M3E/7xuhtFNkAuVZsgVWyyKMkkwIbPPyUBozlBOLKFMC3srYSOqKUObT8WG4C2/vEpaF3Xvsu7eX9UaD0UcZTiBUzgHD66hAXfQBB8YCHiGV3hzlPPivDsfi9aSU8wcwx84nz/ghI4d</latexit>

W2W1X
<latexit sha1_base64="3UQTStt+GkdmmHGfEwxVfODGMXk=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF49VbFNpQ9hsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyeZIrRNEp6oboQ15UzStmGG026qKBYRp340vpn5/hNVmiXywUxSGgg8lCxmBBsrPfphA/mhh7phtebW3TnQKvEKUoMCrbD61R8kJBNUGsKx1j3PTU2QY2UY4XRa6WeappiM8ZD2LJVYUB3k84On6MwqAxQnypY0aK7+nsix0HoiItspsBnpZW8m/uf1MhNfBzmTaWaoJItFccaRSdDsezRgihLDJ5Zgopi9FZERVpgYm1HFhuAtv7xKOo26d1F37y5rzfsijjKcwCmcgwdX0IRbaEEbCAh4hld4c5Tz4rw7H4vWklPMHMMfOJ8/C6qPTQ==</latexit>

L(W1,W2) = ||X �W2W1X||2
<latexit sha1_base64="pwtj8WRl6hzxpy5K998xrXqh/a0=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0WoqCWpgm6EohsXLirYJtDGMJlO7dDJg5mJUJJ+hBt/xY0LRdy6cOffOGmz0NYDF86ccy937vEiRoU0jG+tMDe/sLhUXC6trK6tb+ibWy0RxhyTJg5ZyG0PCcJoQJqSSkbsiBPke4xY3uAy860HwgUNg1s5jIjjo/uA9ihGUkmuftDxkexjxJLrUcVyzUNoubV9eA7T1IZH2UOVCe00vau5etmoGmPAWWLmpAxyNFz9q9MNceyTQGKGhGibRiSdBHFJMSOjUicWJEJ4gO5JW9EA+UQ4yfioEdxTShf2Qq4qkHCs/p5IkC/E0PdUZ3aCmPYy8T+vHcvemZPQIIolCfBkUS9mUIYwSwh2KSdYsqEiCHOq/gpxH3GEpcqxpEIwp0+eJa1a1TyuGjcn5fpFHkcR7IBdUAEmOAV1cAUaoAkweATP4BW8aU/ai/aufUxaC1o+sw3+QPv8Aa79m2o=</latexit>

X = U⌃V |
<latexit sha1_base64="VgpFA3HLONIY8Rf8d2u/CuEYqT4=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8FQSFfQiFLx4rNi0hSaWyXbTLt1swu5GKKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXppwp7Tjf1tLyyuraemmjvLm1vbNr7+03VZJJQj2S8ES2Q1CUM0E9zTSn7VRSiENOW+HwZuK3HqlULBENPUppEENfsIgR0Ebq2odtfI09/571Y8DNB58JTSUB3rUrTtWZAi8StyAVVKDetb/8XkKymApNOCjVcZ1UBzlIzQin47KfKZoCGUKfdgwVEFMV5NMHxvjEKD0cJdKU0Hiq/p7IIVZqFIemMwY9UPPeRPzP62Q6ugpyJtJMU0Fmi6KMY53gSRq4xyQlmo8MASKZuRWTAUggJgVVNiG48y8vkuZZ1T2vOncXlVqjiKOEjtAxOkUuukQ1dIvqyEMEjdEzekVv1pP1Yr1bH7PWJauYOUB/YH3+AEH+lZ4=</latexit>

W1 = U|
<latexit sha1_base64="iD7FGY2Lfa2yCmY15eYUMoFtCMM=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBIV9CIUvHis0LSFNobNdtIu3WzC7kYpsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMC1POlHacb2tldW19Y7O0Vd7e2d3btysHLZVkkoJHE57ITkgUcCbA00xz6KQSSBxyaIejm6nffgCpWCKaepyCH5OBYBGjRBspsCvtwMXX2LvvMaFBUsIDu+rUnBnwMnELUkUFGoH91esnNItBaMqJUl3XSbWfE6kZ5TAp9zIFKaEjMoCuoYLEoPx8dvoEnxilj6NEmhIaz9TfEzmJlRrHoemMiR6qRW8q/ud1Mx1d+TkTaaZB0PmiKONYJ3iaA+4zCVTzsSGESmZuxXRIJKEmBVU2IbiLLy+T1lnNPa85dxfVerOIo4SO0DE6RS66RHV0ixrIQxQ9omf0it6sJ+vFerc+5q0rVjFziP7A+vwB5ZyTLg==</latexit>

W2 = U
<latexit sha1_base64="VGirIULtp1kvQFsRa5S2kGLW4zs=">AAAB7nicbVBNS8NAEJ2tX7V+VT16WSyCp5JUQS9CwYvHCk1TaEPZbDft0s0m7G6EEvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMvDAVXBvH+Ualjc2t7Z3ybmVv/+DwqHp80tFJpijzaCIS1Q2JZoJL5hluBOumipE4FMwPJ/dz339iSvNEts00ZUFMRpJHnBJjJd8fNPAd9gbVmlN3FsDrxC1IDQq0BtWv/jChWcykoYJo3XOd1AQ5UYZTwWaVfqZZSuiEjFjPUklipoN8ce4MX1hliKNE2ZIGL9TfEzmJtZ7Goe2MiRnrVW8u/uf1MhPdBjmXaWaYpMtFUSawSfD8dzzkilEjppYQqri9FdMxUYQam1DFhuCuvrxOOo26e1V3Hq9rzXYRRxnO4BwuwYUbaMIDtMADChN4hld4Qyl6Qe/oY9laQsXMKfwB+vwBt5+Ojg==</latexit>

W2W1 = UkU
|
k

<latexit sha1_base64="srjtPCuCCzp/Sc1LChSgHat5SUs=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCp5JUQS9CwYvHCm1TaGPYbCft0s0m7G6EEnrw4l/x4kERr/4Ib/4btx8HbX0w8Hhvhpl5YcqZ0o7zbRXW1jc2t4rbpZ3dvf0D+/CorZJMUmjRhCeyExIFnAloaaY5dFIJJA45eOHoZup7DyAVS0RTj1PwYzIQLGKUaCMFdtkLatgLXHyNW8FoWvc9JjRISnhgV5yqMwNeJe6CVNACjcD+6vUTmsUgNOVEqa7rpNrPidSMcpiUepmClNARGUDXUEFiUH4+e2KCT43Sx1EiTQmNZ+rviZzESo3j0HTGRA/VsjcV//O6mY6u/JyJNNMg6HxRlHGsEzxNBPeZBKr52BBCJTO3YjokklCTgiqZENzll1dJu1Z1z6vO3UWl3lzEUURldILOkIsuUR3dogZqIYoe0TN6RW/Wk/VivVsf89aCtZg5Rn9gff4APM6Wow==</latexit>

XX| = U⌃2U|
<latexit sha1_base64="DthgGpEFQEQaHHmmmyTxmGPs9MQ=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4KkkV9CIUvHis2LSBNi2b7aZdursJuxuhhP4BL/4VLx4U8erdm//GbRtQWx8MPN6bYWZemDCqtON8WUvLK6tr64WN4ubW9s6uvbffUHEqMfFwzGLph0gRRgXxNNWM+IkkiIeMNMPh9cRv3hOpaCzqepSQgKO+oBHFSBupax/70O+0qdBEYsTgFfTad7TPUafi/chdu+SUnSngInFzUgI5al37s92LccqJ0JghpVquk+ggQ1JTzMi42E4VSRAeoj5pGSoQJyrIpt+M4YlRejCKpSmh4VT9PZEhrtSIh6aTIz1Q895E/M9rpTq6DDIqklQTgWeLopRBHcNJNLBHJcGajQxBWFJzK8QDJBE2KaiiCcGdf3mRNCpl96zs3J6XqvU8jgI4BEfgFLjgAlTBDagBD2DwAJ7AC3i1Hq1n6816n7UuWfnMAfgD6+MbMjybEw==</latexit>

Uk
<latexit sha1_base64="YWPT1/V4ZRCqo/+pgFRlAlLPWCk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eKxhbaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrp3u+NetWaW3dnIMvEK0gNCjR71a9uP2FZzBUySY3peG6KQU41Cib5pNLNDE8pG9EB71iqaMxNkM9OnZATq/RJlGhbCslM/T2R09iYcRzazpji0Cx6U/E/r5NhdBXkQqUZcsXmi6JMEkzI9G/SF5ozlGNLKNPC3krYkGrK0KZTsSF4iy8vk8ezunded+8uao3rIo4yHMExnIIHl9CAW2iCDwwG8Ayv8OZI58V5dz7mrSWnmDmEP3A+fwAu8I25</latexit>

Uk
<latexit sha1_base64="YWPT1/V4ZRCqo/+pgFRlAlLPWCk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8eKxhbaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrp3u+NetWaW3dnIMvEK0gNCjR71a9uP2FZzBUySY3peG6KQU41Cib5pNLNDE8pG9EB71iqaMxNkM9OnZATq/RJlGhbCslM/T2R09iYcRzazpji0Cx6U/E/r5NhdBXkQqUZcsXmi6JMEkzI9G/SF5ozlGNLKNPC3krYkGrK0KZTsSF4iy8vk8ezunded+8uao3rIo4yHMExnIIHl9CAW2iCDwwG8Ayv8OZI58V5dz7mrSWnmDmEP3A+fwAu8I25</latexit>



Linear Autoencoder
X

<latexit sha1_base64="n2Uzv8Ub/ndG7SbbAZItiaciUiA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8dW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrU7vM4inACp3AOHlxDDe6gDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDuzOM7g==</latexit>

W2W1X
<latexit sha1_base64="3UQTStt+GkdmmHGfEwxVfODGMXk=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF49VbFNpQ9hsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyeZIrRNEp6oboQ15UzStmGG026qKBYRp340vpn5/hNVmiXywUxSGgg8lCxmBBsrPfphA/mhh7phtebW3TnQKvEKUoMCrbD61R8kJBNUGsKx1j3PTU2QY2UY4XRa6WeappiM8ZD2LJVYUB3k84On6MwqAxQnypY0aK7+nsix0HoiItspsBnpZW8m/uf1MhNfBzmTaWaoJItFccaRSdDsezRgihLDJ5Zgopi9FZERVpgYm1HFhuAtv7xKOo26d1F37y5rzfsijjKcwCmcgwdX0IRbaEEbCAh4hld4c5Tz4rw7H4vWklPMHMMfOJ8/C6qPTQ==</latexit>

W1
<latexit sha1_base64="BRgLUZ1OcldYkFDGykl1moDxVNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI8BLx7jIw9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHtp9r1+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL3LqntXq9Tv8ziKcAKncA4eXEEdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPe1Y2R</latexit>

W2
<latexit sha1_base64="LBznW7jcZe9h19UtH041of4GTJs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx7jIw9IljA76U2GzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSQ7tf65crbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVb2Lqnt3Wanf53EU4QRO4Rw8uII63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfgWY2S</latexit>

G
<latexit sha1_base64="nn64gIbYk8Z7KJg9YsqalU4IFfI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix60GML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqxUv+uVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94FxW3flmu3uRxFOAYTuAMPLiCKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPnJ+MzQ==</latexit>

G-1
<latexit sha1_base64="QnxTPr0JOygZoWh5P3S/G5XQo9I=">AAAB9HicbVDJSgNBEO2JW4xb1KOXxiB4McyooMegBz1GMAskY+jp1CRNeha7a4JhmO/w4kERr36MN//GznLQxAcFj/eqqKrnxVJotO1vK7e0vLK6ll8vbGxube8Ud/fqOkoUhxqPZKSaHtMgRQg1FCihGStggSeh4Q2ux35jCEqLKLzHUQxuwHqh8AVnaCT35iFtIzxhepI5WadYssv2BHSRODNSIjNUO8WvdjfiSQAhcsm0bjl2jG7KFAouISu0Ew0x4wPWg5ahIQtAu+nk6IweGaVL/UiZCpFO1N8TKQu0HgWe6QwY9vW8Nxb/81oJ+pduKsI4QQj5dJGfSIoRHSdAu0IBRzkyhHElzK2U95liHE1OBROCM//yIqmflp2zsn13XqpczeLIkwNySI6JQy5IhdySKqkRTh7JM3klb9bQerHerY9pa86azeyTP7A+fwC9i5IS</latexit>

G-1W1X
<latexit sha1_base64="GiuBmLZxeh/Y4ZAXVL0eKdzaCDU=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgxpKooMuiC11WsA9oY5hMJ+3QyYOZGzGE+CtuXCji1g9x5984bbPQ1gMXDufcy733eLHgCizr2ygtLa+srpXXKxubW9s75u5eW0WJpKxFIxHJrkcUEzxkLeAgWDeWjASeYB1vfDXxOw9MKh6Fd5DGzAnIMOQ+pwS05JrV6/usD+wRsuPcznHHtXHXNWtW3ZoCLxK7IDVUoOmaX/1BRJOAhUAFUapnWzE4GZHAqWB5pZ8oFhM6JkPW0zQkAVNONj0+x4daGWA/krpCwFP190RGAqXSwNOdAYGRmvcm4n9eLwH/wsl4GCfAQjpb5CcCQ4QnSeABl4yCSDUhVHJ9K6YjIgkFnVdFh2DPv7xI2id1+7Ru3Z7VGpdFHGW0jw7QEbLROWqgG9RELURRip7RK3oznowX4934mLWWjGKmiv7A+PwBeo2T/g==</latexit>

L(W1,W2) = ||X �W2W1X||2 = ||X � (W2G)(G-1W1)X||2
<latexit sha1_base64="CeyfBX6kGbhP6qXvBmsRmG2LkJs="></latexit>

Fact: Linear autoencoders are pseudoinverses at all critical points: W2 = W+
1

<latexit sha1_base64="UMA9X+NgLS9fTj5Ywwz1vc2Zew0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBb0IBS8eK7RNIY1hs920SzfZsLsRSujP8OJBEa/+Gm/+G7dtDtr6YODx3gwz88KUM6Vt+9sqra1vbG6Vtys7u3v7B9XDo64SmSS0QwQXshdiRTlLaEczzWkvlRTHIaduOL6b+e4TlYqJpK0nKfVjPExYxAjWRvLcoIFukRs4jxdBtWbX7TnQKnEKUoMCraD61R8IksU00YRjpTzHTrWfY6kZ4XRa6WeKppiM8ZB6hiY4psrP5ydP0ZlRBigS0lSi0Vz9PZHjWKlJHJrOGOuRWvZm4n+el+noxs9ZkmaaJmSxKMo40gLN/kcDJinRfGIIJpKZWxEZYYmJNilVTAjO8surpNuoO5d1++Gq1mwXcZThBE7hHBy4hibcQws6QEDAM7zCm6WtF+vd+li0lqxi5hj+wPr8AQFRj9E=</latexit>

W2W1 = UkU
|
k

<latexit sha1_base64="srjtPCuCCzp/Sc1LChSgHat5SUs=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCp5JUQS9CwYvHCm1TaGPYbCft0s0m7G6EEnrw4l/x4kERr/4Ib/4btx8HbX0w8Hhvhpl5YcqZ0o7zbRXW1jc2t4rbpZ3dvf0D+/CorZJMUmjRhCeyExIFnAloaaY5dFIJJA45eOHoZup7DyAVS0RTj1PwYzIQLGKUaCMFdtkLatgLXHyNW8FoWvc9JjRISnhgV5yqMwNeJe6CVNACjcD+6vUTmsUgNOVEqa7rpNrPidSMcpiUepmClNARGUDXUEFiUH4+e2KCT43Sx1EiTQmNZ+rviZzESo3j0HTGRA/VsjcV//O6mY6u/JyJNNMg6HxRlHGsEzxNBPeZBKr52BBCJTO3YjokklCTgiqZENzll1dJu1Z1z6vO3UWl3lzEUURldILOkIsuUR3dogZqIYoe0TN6RW/Wk/VivVsf89aCtZg5Rn9gff4APM6Wow==</latexit>

W1 = G-1U|
k

<latexit sha1_base64="RaAUfmW/CP8YGNrk4S0u3C8gBLE=">AAACCXicbVA9SwNBEN3z2/h1ammzGAQbw50K2ggBCy0VcomQxGNvM4lL9vaO3TkxHNfa+FdsLBSx9R/Y+W/cxBQafTDweG+GmXlRKoVBz/t0pqZnZufmFxZLS8srq2vu+kbdJJnmEPBEJvoqYgakUBCgQAlXqQYWRxIaUf906DduQRuRqBoOUmjHrKdEV3CGVgpd2gh9ekLPrvMWwh3me4VfBGH/uiUUguZMhm7Zq3gj0L/EH5MyGeMidD9anYRnMSjkkhnT9L0U2znTKLiEotTKDKSM91kPmpYqFoNp56NPCrpjlQ7tJtqWQjpSf07kLDZmEEe2M2Z4Yya9ofif18ywe9zOhUozBMW/F3UzSTGhw1hoR2jgKAeWMK6FvZXyG6YZtymYkg3Bn3z5L6nvV/yDind5WK7WxnEskC2yTXaJT45IlZyTCxIQTu7JI3kmL86D8+S8Om/frVPOeGaT/ILz/gV28Zmi</latexit>

W2 = UkG
<latexit sha1_base64="Q+V9HM6bUrKXnss/PwPBZHu77GQ=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KkkV9CIUPOixQtMW0hA22027dLMbdidCKf0ZXjwo4tVf481/47bNQVsfDDzem2FmXpwJbsB1v5219Y3Nre3STnl3b//gsHJ03DYq15T5VAmluzExTHDJfOAgWDfTjKSxYJ14dDfzO09MG65kC8YZC1MykDzhlICVgk5Ux7fYj0b4PqpU3Zo7B14lXkGqqEAzqnz1+ormKZNABTEm8NwMwgnRwKlg03IvNywjdEQGLLBUkpSZcDI/eYrPrdLHidK2JOC5+ntiQlJjxmlsO1MCQ7PszcT/vCCH5CaccJnlwCRdLEpygUHh2f+4zzWjIMaWEKq5vRXTIdGEgk2pbEPwll9eJe16zbusuY9X1UariKOETtEZukAeukYN9ICayEcUKfSMXtGbA86L8+58LFrXnGLmBP2B8/kDIteP5w==</latexit>

X = U⌃V |
<latexit sha1_base64="VgpFA3HLONIY8Rf8d2u/CuEYqT4=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8FQSFfQiFLx4rNi0hSaWyXbTLt1swu5GKKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXppwp7Tjf1tLyyuraemmjvLm1vbNr7+03VZJJQj2S8ES2Q1CUM0E9zTSn7VRSiENOW+HwZuK3HqlULBENPUppEENfsIgR0Ebq2odtfI09/571Y8DNB58JTSUB3rUrTtWZAi8StyAVVKDetb/8XkKymApNOCjVcZ1UBzlIzQin47KfKZoCGUKfdgwVEFMV5NMHxvjEKD0cJdKU0Hiq/p7IIVZqFIemMwY9UPPeRPzP62Q6ugpyJtJMU0Fmi6KMY53gSRq4xyQlmo8MASKZuRWTAUggJgVVNiG48y8vkuZZ1T2vOncXlVqjiKOEjtAxOkUuukQ1dIvqyEMEjdEzekVv1pP1Yr1bH7PWJauYOUB/YH3+AEH+lZ4=</latexit>

XX| = U⌃2U|
<latexit sha1_base64="DthgGpEFQEQaHHmmmyTxmGPs9MQ=">AAACDXicbVBNS8NAEN34WetX1KOXxSp4KkkV9CIUvHis2LSBNi2b7aZdursJuxuhhP4BL/4VLx4U8erdm//GbRtQWx8MPN6bYWZemDCqtON8WUvLK6tr64WN4ubW9s6uvbffUHEqMfFwzGLph0gRRgXxNNWM+IkkiIeMNMPh9cRv3hOpaCzqepSQgKO+oBHFSBupax/70O+0qdBEYsTgFfTad7TPUafi/chdu+SUnSngInFzUgI5al37s92LccqJ0JghpVquk+ggQ1JTzMi42E4VSRAeoj5pGSoQJyrIpt+M4YlRejCKpSmh4VT9PZEhrtSIh6aTIz1Q895E/M9rpTq6DDIqklQTgWeLopRBHcNJNLBHJcGajQxBWFJzK8QDJBE2KaiiCcGdf3mRNCpl96zs3J6XqvU8jgI4BEfgFLjgAlTBDagBD2DwAJ7AC3i1Hq1n6816n7UuWfnMAfgD6+MbMjybEw==</latexit>



Topology of PCA
Problem 
Find the k-plane closest to a  
point cloud in       . 

Domain 
The manifold whose points are 
k-planes in        . 
 
I.e., the Grassmannian manifold: 

Rm
<latexit sha1_base64="5/Zmwjn34AUSfjtRIVYOZui4TpI=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyooMuCG5dV+oLOWDJppg1NMkOSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SECWfauO63U1pb39jcKm9Xdnb39g+qh0cdHaeK0DaJeax6IdaUM0nbhhlOe4miWIScdsPJbe53n6jSLJYtM01oIPBIsogRbKzk+wKbcRhmD7NHMajW3Lo7B1olXkFqUKA5qH75w5ikgkpDONa677mJCTKsDCOczip+qmmCyQSPaN9SiQXVQTbPPENnVhmiKFb2SYPm6u+NDAutpyK0k3lGvezl4n9ePzXRTZAxmaSGSrI4FKUcmRjlBaAhU5QYPrUEE8VsVkTGWGFibE0VW4K3/OVV0rmoe5d19/6q1mgVdZThBE7hHDy4hgbcQRPaQCCBZ3iFNyd1Xpx352MxWnKKnWP4A+fzB0mxkeU=</latexit>

Rm
<latexit sha1_base64="5/Zmwjn34AUSfjtRIVYOZui4TpI=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyooMuCG5dV+oLOWDJppg1NMkOSEcrQ33DjQhG3/ow7/8ZMOwttPRA4nHMv9+SECWfauO63U1pb39jcKm9Xdnb39g+qh0cdHaeK0DaJeax6IdaUM0nbhhlOe4miWIScdsPJbe53n6jSLJYtM01oIPBIsogRbKzk+wKbcRhmD7NHMajW3Lo7B1olXkFqUKA5qH75w5ikgkpDONa677mJCTKsDCOczip+qmmCyQSPaN9SiQXVQTbPPENnVhmiKFb2SYPm6u+NDAutpyK0k3lGvezl4n9ePzXRTZAxmaSGSrI4FKUcmRjlBaAhU5QYPrUEE8VsVkTGWGFibE0VW4K3/OVV0rmoe5d19/6q1mgVdZThBE7hHDy4hgbcQRPaQCCBZ3iFNyd1Xpx352MxWnKKnWP4A+fzB0mxkeU=</latexit>

Grk(Rm) ⇠= {P = P 2, P = P |, trP = k} ⇢ Rm⇥m
<latexit sha1_base64="JX/spB3XmkE1K8tWV68/Oo8AT4s="></latexit>

LX(P ) = ||X � PX||2
<latexit sha1_base64="gbEZ3me6zQA/gFBfopydU1mgdnU=">AAACBnicbVDLSsNAFJ34rPUVdSnCYBHqwpJUQTdCwY0LFxFsG2hjmEwn7dDJg5mJUJKu3Pgrblwo4tZvcOffOGmz0NYDFw7n3Mu993gxo0Iaxre2sLi0vLJaWiuvb2xubes7uy0RJRyTJo5YxG0PCcJoSJqSSkbsmBMUeIy0veFV7rcfCBc0Cu/kKCZOgPoh9SlGUkmuftANkBxgxNKbsWtXrePLLLPhCbTsLLuvu3rFqBkTwHliFqQCCliu/tXtRTgJSCgxQ0J0TCOWToq4pJiRcbmbCBIjPER90lE0RAERTjp5YwyPlNKDfsRVhRJO1N8TKQqEGAWe6syPFrNeLv7ndRLpXzgpDeNEkhBPF/kJgzKCeSawRznBko0UQZhTdSvEA8QRliq5sgrBnH15nrTqNfO0ZtyeVRpWEUcJ7INDUAUmOAcNcA0s0AQYPIJn8AretCftRXvXPqatC1oxswf+QPv8AXGvl9k=</latexit>

LX : Grk(Rm) ! R
<latexit sha1_base64="rDEDp+IoBgjGWOa2mKhekkVl8ag="></latexit>
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Topology of PCA
LX : Gr2(R4) ! R

<latexit sha1_base64="fnTNlYVGyaCcl36yKF9VnUIPRGI="></latexit>
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*To visualize 4 dimensions, first visualize n dimensions and then let n = 4.

dimGrk(Rm) = k(m� k)
<latexit sha1_base64="yvoLVatZ9SjpOVvrE5Ky8f6zBAU=">AAACIHicbVDLSsNAFJ3UV62vqEs3g0VoQUuiQt0IBRe6rGIf0MYwmU7bITNJmJkIJeRT3Pgrblwoojv9GqdpBW09MHDuOfcy9x4vYlQqy/o0cguLS8sr+dXC2vrG5pa5vdOUYSwwaeCQhaLtIUkYDUhDUcVIOxIEcY+RludfjP3WPRGShsGtGkXE4WgQ0D7FSGnJNatdjtRQ8KRHeQq7h/CnvhSp65eyyvOSm/SOl+E59GGJwyPol12zaFWsDHCe2FNSBFPUXfOj2wtxzEmgMENSdmwrUk6ChKKYkbTQjSWJEPbRgHQ0DRAn0kmyA1N4oJUe7IdCv0DBTP09kSAu5Yh7unO8sJz1xuJ/XidW/TMnoUEUKxLgyUf9mEEVwnFasEcFwYqNNEFYUL0rxEMkEFY604IOwZ49eZ40jyv2ScW6Pi3W6tM48mAP7IMSsEEV1MAVqIMGwOABPIEX8Go8Gs/Gm/E+ac0Z05ld8AfG1zeWI6Hu</latexit>



Topology of PCA

✓
m

k

◆

<latexit sha1_base64="K/io1bjyQGFKyccwG2x2FdNVVHU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8cKthaaUDbbTbt0P8LuRighf8OLB0W8+me8+W/ctjlo64OBx3szzMyLU86M9f1vr7K2vrG5Vd2u7ezu7R/UD4+6RmWa0A5RXOlejA3lTNKOZZbTXqopFjGnj/HkduY/PlFtmJIPdprSSOCRZAkj2DopDGMmlchFkU+KQb3hN/050CoJStKAEu1B/SscKpIJKi3h2Jh+4Kc2yrG2jHBa1MLM0BSTCR7RvqMSC2qifH5zgc6cMkSJ0q6kRXP190SOhTFTEbtOge3YLHsz8T+vn9nkJsqZTDNLJVksSjKOrEKzANCQaUosnzqCiWbuVkTGWGNiXUw1F0Kw/PIq6V40g8umf3/VaLXLOKpwAqdwDgFcQwvuoA0dIJDCM7zCm5d5L96797ForXjlzDH8gff5A9HRkjs=</latexit>

•          critical points are the principal k-planes.

LX : Grk(Rm) ! R
<latexit sha1_base64="rDEDp+IoBgjGWOa2mKhekkVl8ag="></latexit>

• Gradient trajectories between principal planes in adjacent index rotate one 
principal direction in first plane to another in second plane fixing the rest.

•                                          is Morse iff singular values are positive and distinct.

• There are exactly two such trajectories          perfect       -Morse function.F2
<latexit sha1_base64="0GJ+eyFNx7KdnCWecSkI/EcBqZw=">AAAB83icbVDLSsNAFL3xWeur6tLNYBFclaQKuiwI4rKCfUATymR62w6dTMLMRCihv+HGhSJu/Rl3/o2TNgttPTBwOOde7pkTJoJr47rfztr6xubWdmmnvLu3f3BYOTpu6zhVDFssFrHqhlSj4BJbhhuB3UQhjUKBnXBym/udJ1Sax/LRTBMMIjqSfMgZNVby/YiacRhmd7N+vV+pujV3DrJKvIJUoUCzX/nyBzFLI5SGCap1z3MTE2RUGc4Ezsp+qjGhbEJH2LNU0gh1kM0zz8i5VQZkGCv7pCFz9fdGRiOtp1FoJ/OMetnLxf+8XmqGN0HGZZIalGxxaJgKYmKSF0AGXCEzYmoJZYrbrISNqaLM2JrKtgRv+curpF2veZc19+Gq2mgWdZTgFM7gAjy4hgbcQxNawCCBZ3iFNyd1Xpx352MxuuYUOyfwB87nD94zkZs=</latexit>

• Critical values are sums of eigenvalues => toy model for random matrix theory.

=)
<latexit sha1_base64="90XSoONrruMxJhi/acEnpZOXt+o=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhvfhBOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtqcFn1768qtXoeRxFO4BTOIYBrqMEd1KEBDAQ8wyu8eY/ei/fufSxaC14+cwx/4H3+AEcLkCk=</latexit>

• This rabbit hole goes far deeper…





Linear Autoencoder
X

<latexit sha1_base64="n2Uzv8Ub/ndG7SbbAZItiaciUiA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8dW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrU7vM4inACp3AOHlxDDe6gDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDuzOM7g==</latexit>

W2W1X
<latexit sha1_base64="3UQTStt+GkdmmHGfEwxVfODGMXk=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF49VbFNpQ9hsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyeZIrRNEp6oboQ15UzStmGG026qKBYRp340vpn5/hNVmiXywUxSGgg8lCxmBBsrPfphA/mhh7phtebW3TnQKvEKUoMCrbD61R8kJBNUGsKx1j3PTU2QY2UY4XRa6WeappiM8ZD2LJVYUB3k84On6MwqAxQnypY0aK7+nsix0HoiItspsBnpZW8m/uf1MhNfBzmTaWaoJItFccaRSdDsezRgihLDJ5Zgopi9FZERVpgYm1HFhuAtv7xKOo26d1F37y5rzfsijjKcwCmcgwdX0IRbaEEbCAh4hld4c5Tz4rw7H4vWklPMHMMfOJ8/C6qPTQ==</latexit>

W1
<latexit sha1_base64="BRgLUZ1OcldYkFDGykl1moDxVNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI8BLx7jIw9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHtp9r1+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL3LqntXq9Tv8ziKcAKncA4eXEEdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPe1Y2R</latexit>

W2
<latexit sha1_base64="LBznW7jcZe9h19UtH041of4GTJs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx7jIw9IljA76U2GzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSQ7tf65crbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVb2Lqnt3Wanf53EU4QRO4Rw8uII63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfgWY2S</latexit>

G
<latexit sha1_base64="nn64gIbYk8Z7KJg9YsqalU4IFfI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix60GML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqxUv+uVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94FxW3flmu3uRxFOAYTuAMPLiCKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPnJ+MzQ==</latexit>

G-1
<latexit sha1_base64="QnxTPr0JOygZoWh5P3S/G5XQo9I=">AAAB9HicbVDJSgNBEO2JW4xb1KOXxiB4McyooMegBz1GMAskY+jp1CRNeha7a4JhmO/w4kERr36MN//GznLQxAcFj/eqqKrnxVJotO1vK7e0vLK6ll8vbGxube8Ud/fqOkoUhxqPZKSaHtMgRQg1FCihGStggSeh4Q2ux35jCEqLKLzHUQxuwHqh8AVnaCT35iFtIzxhepI5WadYssv2BHSRODNSIjNUO8WvdjfiSQAhcsm0bjl2jG7KFAouISu0Ew0x4wPWg5ahIQtAu+nk6IweGaVL/UiZCpFO1N8TKQu0HgWe6QwY9vW8Nxb/81oJ+pduKsI4QQj5dJGfSIoRHSdAu0IBRzkyhHElzK2U95liHE1OBROCM//yIqmflp2zsn13XqpczeLIkwNySI6JQy5IhdySKqkRTh7JM3klb9bQerHerY9pa86azeyTP7A+fwC9i5IS</latexit>

G-1W1X
<latexit sha1_base64="GiuBmLZxeh/Y4ZAXVL0eKdzaCDU=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgxpKooMuiC11WsA9oY5hMJ+3QyYOZGzGE+CtuXCji1g9x5984bbPQ1gMXDufcy733eLHgCizr2ygtLa+srpXXKxubW9s75u5eW0WJpKxFIxHJrkcUEzxkLeAgWDeWjASeYB1vfDXxOw9MKh6Fd5DGzAnIMOQ+pwS05JrV6/usD+wRsuPcznHHtXHXNWtW3ZoCLxK7IDVUoOmaX/1BRJOAhUAFUapnWzE4GZHAqWB5pZ8oFhM6JkPW0zQkAVNONj0+x4daGWA/krpCwFP190RGAqXSwNOdAYGRmvcm4n9eLwH/wsl4GCfAQjpb5CcCQ4QnSeABl4yCSDUhVHJ9K6YjIgkFnVdFh2DPv7xI2id1+7Ru3Z7VGpdFHGW0jw7QEbLROWqgG9RELURRip7RK3oznowX4934mLWWjGKmiv7A+PwBeo2T/g==</latexit>

L(W1,W2) = ||X �W2W1X||2 = ||X � (W2G)(G-1W1)X||2
<latexit sha1_base64="CeyfBX6kGbhP6qXvBmsRmG2LkJs="></latexit>

Fact: Linear autoencoders are pseudoinverses at all critical points:

X = U⌃V |
<latexit sha1_base64="VgpFA3HLONIY8Rf8d2u/CuEYqT4=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8FQSFfQiFLx4rNi0hSaWyXbTLt1swu5GKKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXppwp7Tjf1tLyyuraemmjvLm1vbNr7+03VZJJQj2S8ES2Q1CUM0E9zTSn7VRSiENOW+HwZuK3HqlULBENPUppEENfsIgR0Ebq2odtfI09/571Y8DNB58JTSUB3rUrTtWZAi8StyAVVKDetb/8XkKymApNOCjVcZ1UBzlIzQin47KfKZoCGUKfdgwVEFMV5NMHxvjEKD0cJdKU0Hiq/p7IIVZqFIemMwY9UPPeRPzP62Q6ugpyJtJMU0Fmi6KMY53gSRq4xyQlmo8MASKZuRWTAUggJgVVNiG48y8vkuZZ1T2vOncXlVqjiKOEjtAxOkUuukQ1dIvqyEMEjdEzekVv1pP1Yr1bH7PWJauYOUB/YH3+AEH+lZ4=</latexit>

W2 = W+
1

<latexit sha1_base64="UMA9X+NgLS9fTj5Ywwz1vc2Zew0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBZBEEpSBb0IBS8eK7RNIY1hs920SzfZsLsRSujP8OJBEa/+Gm/+G7dtDtr6YODx3gwz88KUM6Vt+9sqra1vbG6Vtys7u3v7B9XDo64SmSS0QwQXshdiRTlLaEczzWkvlRTHIaduOL6b+e4TlYqJpK0nKfVjPExYxAjWRvLcoIFukRs4jxdBtWbX7TnQKnEKUoMCraD61R8IksU00YRjpTzHTrWfY6kZ4XRa6WeKppiM8ZB6hiY4psrP5ydP0ZlRBigS0lSi0Vz9PZHjWKlJHJrOGOuRWvZm4n+el+noxs9ZkmaaJmSxKMo40gLN/kcDJinRfGIIJpKZWxEZYYmJNilVTAjO8surpNuoO5d1++Gq1mwXcZThBE7hHBy4hibcQws6QEDAM7zCm6WtF+vd+li0lqxi5hj+wPr8AQFRj9E=</latexit>

W2W1 = UkU
|
k

<latexit sha1_base64="srjtPCuCCzp/Sc1LChSgHat5SUs=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSyCp5JUQS9CwYvHCm1TaGPYbCft0s0m7G6EEnrw4l/x4kERr/4Ib/4btx8HbX0w8Hhvhpl5YcqZ0o7zbRXW1jc2t4rbpZ3dvf0D+/CorZJMUmjRhCeyExIFnAloaaY5dFIJJA45eOHoZup7DyAVS0RTj1PwYzIQLGKUaCMFdtkLatgLXHyNW8FoWvc9JjRISnhgV5yqMwNeJe6CVNACjcD+6vUTmsUgNOVEqa7rpNrPidSMcpiUepmClNARGUDXUEFiUH4+e2KCT43Sx1EiTQmNZ+rviZzESo3j0HTGRA/VsjcV//O6mY6u/JyJNNMg6HxRlHGsEzxNBPeZBKr52BBCJTO3YjokklCTgiqZENzll1dJu1Z1z6vO3UWl3lzEUURldILOkIsuUR3dogZqIYoe0TN6RW/Wk/VivVsf89aCtZg5Rn9gff4APM6Wow==</latexit>

W1 = G-1U|
k

<latexit sha1_base64="RaAUfmW/CP8YGNrk4S0u3C8gBLE=">AAACCXicbVA9SwNBEN3z2/h1ammzGAQbw50K2ggBCy0VcomQxGNvM4lL9vaO3TkxHNfa+FdsLBSx9R/Y+W/cxBQafTDweG+GmXlRKoVBz/t0pqZnZufmFxZLS8srq2vu+kbdJJnmEPBEJvoqYgakUBCgQAlXqQYWRxIaUf906DduQRuRqBoOUmjHrKdEV3CGVgpd2gh9ekLPrvMWwh3me4VfBGH/uiUUguZMhm7Zq3gj0L/EH5MyGeMidD9anYRnMSjkkhnT9L0U2znTKLiEotTKDKSM91kPmpYqFoNp56NPCrpjlQ7tJtqWQjpSf07kLDZmEEe2M2Z4Yya9ofif18ywe9zOhUozBMW/F3UzSTGhw1hoR2jgKAeWMK6FvZXyG6YZtymYkg3Bn3z5L6nvV/yDind5WK7WxnEskC2yTXaJT45IlZyTCxIQTu7JI3kmL86D8+S8Om/frVPOeGaT/ILz/gV28Zmi</latexit>

W2 = UkG
<latexit sha1_base64="Q+V9HM6bUrKXnss/PwPBZHu77GQ=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KkkV9CIUPOixQtMW0hA22027dLMbdidCKf0ZXjwo4tVf481/47bNQVsfDDzem2FmXpwJbsB1v5219Y3Nre3STnl3b//gsHJ03DYq15T5VAmluzExTHDJfOAgWDfTjKSxYJ14dDfzO09MG65kC8YZC1MykDzhlICVgk5Ux7fYj0b4PqpU3Zo7B14lXkGqqEAzqnz1+ormKZNABTEm8NwMwgnRwKlg03IvNywjdEQGLLBUkpSZcDI/eYrPrdLHidK2JOC5+ntiQlJjxmlsO1MCQ7PszcT/vCCH5CaccJnlwCRdLEpygUHh2f+4zzWjIMaWEKq5vRXTIdGEgk2pbEPwll9eJe16zbusuY9X1UariKOETtEZukAeukYN9ICayEcUKfSMXtGbA86L8+58LFrXnGLmBP2B8/kDIteP5w==</latexit>



Regularization                              Orthogonality
• Orthogonal matrices are the volume-preserving matrices of minimal Frobenius norm.  
 
 
 
 

• Orthogonal matrices are the inverse matrices of minimum total Frobenius norm.  
 
 
 
 
In particular,                 .

min
A

||A||2F s.t. |det(A)| = 1
<latexit sha1_base64="HL5oL6BRY6NwdUxqUQwKmraV9tE=">AAACInicbVBNSwMxEM3W7/pV9eglWAS9lN0iqAehVRCPClYLbV2yaaqhSXZJZoWyu7/Fi3/FiwdFPQn+GLNtD1p9IfB4b4aZeUEkuAHX/XQKU9Mzs3PzC8XFpeWV1dLa+pUJY01Zg4Yi1M2AGCa4Yg3gIFgz0ozIQLDroH+S+9f3TBseqksYRKwjya3iPU4JWMkvHbYlV35Sz3Ca1tPUP72p4vboSQJ3WibYVKCCs6GWdhns1HdTfIQ9v1R2K+4Q+C/xxqSMxjj3S+/tbkhjyRRQQYxpeW4EnYRo4FSwrNiODYsI7ZNb1rJUEclMJxmemOFtq3RxL9T2K8BD9WdHQqQxAxnYynxvM+nl4n9eK4beQSfhKoqBKToa1IsFhhDneeEu14yCGFhCqOZ2V0zviCYUbKpFG4I3efJfclWteJZf7JVrx+M45tEm2kI7yEP7qIbO0DlqIIoe0BN6Qa/Oo/PsvDkfo9KCM+7ZQL/gfH0DmIehJA==</latexit><latexit sha1_base64="HL5oL6BRY6NwdUxqUQwKmraV9tE=">AAACInicbVBNSwMxEM3W7/pV9eglWAS9lN0iqAehVRCPClYLbV2yaaqhSXZJZoWyu7/Fi3/FiwdFPQn+GLNtD1p9IfB4b4aZeUEkuAHX/XQKU9Mzs3PzC8XFpeWV1dLa+pUJY01Zg4Yi1M2AGCa4Yg3gIFgz0ozIQLDroH+S+9f3TBseqksYRKwjya3iPU4JWMkvHbYlV35Sz3Ca1tPUP72p4vboSQJ3WibYVKCCs6GWdhns1HdTfIQ9v1R2K+4Q+C/xxqSMxjj3S+/tbkhjyRRQQYxpeW4EnYRo4FSwrNiODYsI7ZNb1rJUEclMJxmemOFtq3RxL9T2K8BD9WdHQqQxAxnYynxvM+nl4n9eK4beQSfhKoqBKToa1IsFhhDneeEu14yCGFhCqOZ2V0zviCYUbKpFG4I3efJfclWteJZf7JVrx+M45tEm2kI7yEP7qIbO0DlqIIoe0BN6Qa/Oo/PsvDkfo9KCM+7ZQL/gfH0DmIehJA==</latexit><latexit sha1_base64="HL5oL6BRY6NwdUxqUQwKmraV9tE=">AAACInicbVBNSwMxEM3W7/pV9eglWAS9lN0iqAehVRCPClYLbV2yaaqhSXZJZoWyu7/Fi3/FiwdFPQn+GLNtD1p9IfB4b4aZeUEkuAHX/XQKU9Mzs3PzC8XFpeWV1dLa+pUJY01Zg4Yi1M2AGCa4Yg3gIFgz0ozIQLDroH+S+9f3TBseqksYRKwjya3iPU4JWMkvHbYlV35Sz3Ca1tPUP72p4vboSQJ3WibYVKCCs6GWdhns1HdTfIQ9v1R2K+4Q+C/xxqSMxjj3S+/tbkhjyRRQQYxpeW4EnYRo4FSwrNiODYsI7ZNb1rJUEclMJxmemOFtq3RxL9T2K8BD9WdHQqQxAxnYynxvM+nl4n9eK4beQSfhKoqBKToa1IsFhhDneeEu14yCGFhCqOZ2V0zviCYUbKpFG4I3efJfclWteJZf7JVrx+M45tEm2kI7yEP7qIbO0DlqIIoe0BN6Qa/Oo/PsvDkfo9KCM+7ZQL/gfH0DmIehJA==</latexit><latexit sha1_base64="HL5oL6BRY6NwdUxqUQwKmraV9tE=">AAACInicbVBNSwMxEM3W7/pV9eglWAS9lN0iqAehVRCPClYLbV2yaaqhSXZJZoWyu7/Fi3/FiwdFPQn+GLNtD1p9IfB4b4aZeUEkuAHX/XQKU9Mzs3PzC8XFpeWV1dLa+pUJY01Zg4Yi1M2AGCa4Yg3gIFgz0ozIQLDroH+S+9f3TBseqksYRKwjya3iPU4JWMkvHbYlV35Sz3Ca1tPUP72p4vboSQJ3WibYVKCCs6GWdhns1HdTfIQ9v1R2K+4Q+C/xxqSMxjj3S+/tbkhjyRRQQYxpeW4EnYRo4FSwrNiODYsI7ZNb1rJUEclMJxmemOFtq3RxL9T2K8BD9WdHQqQxAxnYynxvM+nl4n9eK4beQSfhKoqBKToa1IsFhhDneeEu14yCGFhCqOZ2V0zviCYUbKpFG4I3efJfclWteJZf7JVrx+M45tEm2kI7yEP7qIbO0DlqIIoe0BN6Qa/Oo/PsvDkfo9KCM+7ZQL/gfH0DmIehJA==</latexit>

min
A,B

||A||2F + ||B||2F s.t. AB = I
<latexit sha1_base64="nQoJ7AkEz386srw1gzSSLS9PFWs="></latexit><latexit sha1_base64="nQoJ7AkEz386srw1gzSSLS9PFWs="></latexit><latexit sha1_base64="nQoJ7AkEz386srw1gzSSLS9PFWs="></latexit><latexit sha1_base64="nQoJ7AkEz386srw1gzSSLS9PFWs="></latexit>

A = B|
<latexit sha1_base64="Tm2f5wZ/3RgvmnMjtjCh55zbbT4=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsKuCnoRol48RjAPSNYwO+kkQ2Znl5lZIS75Ei8eFPHqp3jzb5w8DhotaCiquunuChPBtfG8Lye3tLyyupZfL2xsbm0X3Z3duo5TxbDGYhGrZkg1Ci6xZrgR2EwU0igU2AiH1xO/8YBK81jemVGCQUT7kvc4o8ZKHbd4SS7I1X2bS4OKUdFxS17Zm4L8Jf6clGCOasf9bHdjlkYoDRNU65bvJSbIqDKcCRwX2qnGhLIh7WPLUkkj1EE2PXxMDq3SJb1Y2ZKGTNWfExmNtB5Foe2MqBnoRW8i/ue1UtM7DzIuk9SgZLNFvVQQE5NJCqTLFTIjRpZQpri9lbABVZTZFHTBhuAvvvyX1I/L/knZuz0tVarzOPKwDwdwBD6cQQVuoAo1YJDCE7zAq/PoPDtvzvusNefMZ/bgF5yPb3bWkl0=</latexit>

det(A)2 = 1
<latexit sha1_base64="cBr9h7kFU3JxJ2wfEYtzxN5ahh8=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahXkpSBb0IFS8eK/QL2lg2m027dLOJu5NCCf0dXjwo4tUf481/47bNQVsfDDzem2FmnhcLrsG2v63c2vrG5lZ+u7Czu7d/UDw8aukoUZQ1aSQi1fGIZoJL1gQOgnVixUjoCdb2Rnczvz1mSvNINmASMzckA8kDTgkYye35DMq3549VfIOdfrFkV+w58CpxMlJCGer94lfPj2gSMglUEK27jh2DmxIFnAo2LfQSzWJCR2TAuoZKEjLtpvOjp/jMKD4OImVKAp6rvydSEmo9CT3TGRIY6mVvJv7ndRMIrt2UyzgBJuliUZAIDBGeJYB9rhgFMTGEUMXNrZgOiSIUTE4FE4Kz/PIqaVUrzkXFfrgs1RpZHHl0gk5RGTnoCtXQPaqjJqLoCT2jV/Rmja0X6936WLTmrGzmGP2B9fkDNWWQeQ==</latexit>

X
�2
i

<latexit sha1_base64="WIfV/g6Fuhu5DGjl+TdV2XAdrWU=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5JUQZcFNy4r9AVNDJPppB06MwnzEGrol7hxoYhbP8Wdf+O0zUJbD1w4nHMv994TZ4wq7XnfTmljc2t7p7xb2ds/OKy6R8ddlRqJSQenLJX9GCnCqCAdTTUj/UwSxGNGevHkdu73HolUNBVtPc1IyNFI0IRipK0UudVAGQ4DRUccRfShEbk1r+4tANeJX5AaKNCK3K9gmGLDidCYIaUGvpfpMEdSU8zIrBIYRTKEJ2hEBpYKxIkK88XhM3hulSFMUmlLaLhQf0/kiCs15bHt5EiP1ao3F//zBkYnN2FORWY0EXi5KDEM6hTOU4BDKgnWbGoJwpLaWyEeI4mwtllVbAj+6svrpNuo+5d17/6q1mwXcZTBKTgDF8AH16AJ7kALdAAGBjyDV/DmPDkvzrvzsWwtOcXMCfgD5/MHU6aS6w==</latexit>

Y
�2
i

<latexit sha1_base64="LLb05MQ/mn4I/r0o2qQAngEiMz4=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiuSlIFXRbcuKzQFzQxTCaTdug8wsykUEL/xI0LRdz6J+78G6dtFtp64MLhnHu59544Y1Qbz/t2Nja3tnd2K3vV/YPDo2P35LSrZa4w6WDJpOrHSBNGBekYahjpZ4ogHjPSi8f3c783IUpTKdpmmpGQo6GgKcXIWCly3SBTMoGBpkOOIvrUiNyaV/cWgOvEL0kNlGhF7leQSJxzIgxmSOuB72UmLJAyFDMyqwa5JhnCYzQkA0sF4kSHxeLyGby0SgJTqWwJAxfq74kCca2nPLadHJmRXvXm4n/eIDfpXVhQkeWGCLxclOYMGgnnMcCEKoINm1qCsKL2VohHSCFsbFhVG4K/+vI66Tbq/nXde7ypNdtlHBVwDi7AFfDBLWiCB9ACHYDBBDyDV/DmFM6L8+58LFs3nHLmDPyB8/kDEBiTVQ==</latexit>

X
(�2

i + �-2
i )

<latexit sha1_base64="G/lqtQwrO3PsZeWz/Z24D7AdSBU=">AAACEXicbVDLSgMxFM3UV62vUZdugkWoiGWmCrosuHFZoS9oa8mkmTY0mRmSO2IZ5hfc+CtuXCji1p07/8b0gWjrgYSTc+7l5h4vElyD43xZmaXlldW17HpuY3Nre8fe3avrMFaU1WgoQtX0iGaCB6wGHARrRooR6QnW8IZXY79xx5TmYVCFUcQ6kvQD7nNKwEhdu9DWscTm5n1Juvy2hE/wzyNpA7uH5DQtpcddO+8UnQnwInFnJI9mqHTtz3YvpLFkAVBBtG65TgSdhCjgVLA01441iwgdkj5rGRoQyXQnmWyU4iOj9LAfKnMCwBP1d0dCpNYj6ZlKSWCg572x+J/XisG/7CQ8iGJgAZ0O8mOBIcTjeHCPK0ZBjAwhVHHzV0wHRBEKJsScCcGdX3mR1EtF96zo3Jzny9VZHFl0gA5RAbnoApXRNaqgGqLoAT2hF/RqPVrP1pv1Pi3NWLOeffQH1sc3I+KcpA==</latexit>



Linear Autoencoder
X

<latexit sha1_base64="n2Uzv8Ub/ndG7SbbAZItiaciUiA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8dW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6PTLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9y6rbuKrU7vM4inACp3AOHlxDDe6gDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDuzOM7g==</latexit>

W2W1X
<latexit sha1_base64="3UQTStt+GkdmmHGfEwxVfODGMXk=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF49VbFNpQ9hsN+3S3U3Y3Qgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dvf2D6uFRRyeZIrRNEp6oboQ15UzStmGG026qKBYRp340vpn5/hNVmiXywUxSGgg8lCxmBBsrPfphA/mhh7phtebW3TnQKvEKUoMCrbD61R8kJBNUGsKx1j3PTU2QY2UY4XRa6WeappiM8ZD2LJVYUB3k84On6MwqAxQnypY0aK7+nsix0HoiItspsBnpZW8m/uf1MhNfBzmTaWaoJItFccaRSdDsezRgihLDJ5Zgopi9FZERVpgYm1HFhuAtv7xKOo26d1F37y5rzfsijjKcwCmcgwdX0IRbaEEbCAh4hld4c5Tz4rw7H4vWklPMHMMfOJ8/C6qPTQ==</latexit>

W1
<latexit sha1_base64="BRgLUZ1OcldYkFDGykl1moDxVNA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI8BLx7jIw9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHtp9r1+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn81Ck5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKmldVL3LqntXq9Tv8ziKcAKncA4eXEEdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPe1Y2R</latexit>

W2
<latexit sha1_base64="LBznW7jcZe9h19UtH041of4GTJs=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx7jIw9IljA76U2GzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSQ7tf65crbtWdg6wSLycVyNHol796g5ilEUrDBNW667mJ8TOqDGcCp6VeqjGhbEyH2LVU0gi1n81PnZIzqwxIGCtb0pC5+nsio5HWkyiwnRE1I73szcT/vG5qwms/4zJJDUq2WBSmgpiYzP4mA66QGTGxhDLF7a2EjaiizNh0SjYEb/nlVdKqVb2Lqnt3Wanf53EU4QRO4Rw8uII63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wfgWY2S</latexit>

Theorem: L2-regularized linear autoencoders 
                  are symmetric at all critical points.

X = U⌃V |
<latexit sha1_base64="VgpFA3HLONIY8Rf8d2u/CuEYqT4=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8FQSFfQiFLx4rNi0hSaWyXbTLt1swu5GKKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXppwp7Tjf1tLyyuraemmjvLm1vbNr7+03VZJJQj2S8ES2Q1CUM0E9zTSn7VRSiENOW+HwZuK3HqlULBENPUppEENfsIgR0Ebq2odtfI09/571Y8DNB58JTSUB3rUrTtWZAi8StyAVVKDetb/8XkKymApNOCjVcZ1UBzlIzQin47KfKZoCGUKfdgwVEFMV5NMHxvjEKD0cJdKU0Hiq/p7IIVZqFIemMwY9UPPeRPzP62Q6ugpyJtJMU0Fmi6KMY53gSRq4xyQlmo8MASKZuRWTAUggJgVVNiG48y8vkuZZ1T2vOncXlVqjiKOEjtAxOkUuukQ1dIvqyEMEjdEzekVv1pP1Yr1bH7PWJauYOUB/YH3+AEH+lZ4=</latexit>

O
<latexit sha1_base64="Czdb1Rtz36ikLO6q6A2KNUca/AU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix48WYL/YI2lM120q7dbMLuRiihv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ219Y3Nru7BT3N3bPzgsHR23dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC+m/ntJ1Sax7JhJgn6ER1KHnJGjZXqD/1S2a24c5BV4uWkDDlq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxXvquLWr8vVRh5HAU7hDC7Agxuowj3UoAkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4ArimM5w==</latexit>

O
|

<latexit sha1_base64="DbPWqUyW6iL3K6YA5NwuOKcWmp0=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQq6LHgxZsV+gVtLJvtpl262Q27E6GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTAQ36HnfTmFtfWNzq7hd2tnd2z8oHx61jEo1ZU2qhNKdkBgmuGRN5ChYJ9GMxKFg7XB8O/PbT0wbrmQDJwkLYjKUPOKUoJW69489LpFpSkS/XPGq3hzuKvFzUoEc9X75qzdQNI2ZRCqIMV3fSzDIiEZOBZuWeqlhCaFjMmRdSyWJmQmy+clT98wqAzdS2pZEd67+nshIbMwkDm1nTHBklr2Z+J/XTTG6CTIukxSZpItFUSpcVO7sf3fANaMoJpYQqrm91aUjogm1KZiSDcFffnmVtC6q/mXVe7iq1Bp5HEU4gVM4Bx+uoQZ3UIcmUFDwDK/w5qDz4rw7H4vWgpPPHMMfOJ8/Vx+RVw==</latexit>

O
|
W1X

<latexit sha1_base64="IKROfrP9x3FvwrQaXoVsMR6TvL4=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0HwFHZV0GPAizcj5AXJGmYnnWTI7OwyM6uEmE/x4kERr36JN//GSbIHTSxoKKq66e4KE8G18bxvZ2V1bX1jM7eV397Z3dt3Cwd1HaeKYY3FIlbNkGoUXGLNcCOwmSikUSiwEQ6vp37jAZXmsayaUYJBRPuS9zijxkodt3B73+bSoGJUkEbHJ82OW/RK3gxkmfgZKUKGSsf9andjlkYoDRNU65bvJSYYU2U4EzjJt1ONCWVD2seWpZJGqIPx7PQJObFKl/RiZUsaMlN/T4xppPUoCm1nRM1AL3pT8T+vlZreVTDmMkkNSjZf1EsFMTGZ5kC6XCEzYmQJZYrbWwkbUEWZzULnbQj+4svLpH5W8s9L3t1FsVzN4sjBERzDKfhwCWW4gQrUgMEjPMMrvDlPzovz7nzMW1ecbOYQ/sD5/AEPdZND</latexit>

W2 = Uk(I � �⌃-2)-
1
2O

<latexit sha1_base64="d3jbWbwvWpe3vFhs3wPa1lj4sDg="></latexit>

W1 = O
|(I � �⌃-2)-

1
2U

|
k

<latexit sha1_base64="udREUt5Fd7VZOaYPAaNHLz3yl8Q="></latexit>

W2W1 = Uk(I � �⌃-2)-1U|
k

<latexit sha1_base64="ItKg+QCYbznbyCr948e7LmFZLJo="></latexit>

L�(W1,W2) = ||X �W2W1X||2 + �(||W1||2 + ||W2||2)
<latexit sha1_base64="e4DqKgD0dSKAUlTSjQeix5o/aqE="></latexit>

W2 = WT
1

<latexit sha1_base64="oOXoPmU3LcDLyuFF8Zzb/Epjffw=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KkkV9CIUvHis0C9IY9hsN+3SzW7YnQgl9Gd48aCIV3+NN/+N2zYHbX0w8Hhvhpl5USq4Adf9dtbWNza3tks75d29/YPDytFxx6hMU9amSijdi4hhgkvWBg6C9VLNSBIJ1o3GdzO/+8S04Uq2YJKyICFDyWNOCVjJ74Z1fIu7offYCitVt+bOgVeJV5AqKtAMK1/9gaJZwiRQQYzxPTeFICcaOBVsWu5nhqWEjsmQ+ZZKkjAT5POTp/jcKgMcK21LAp6rvydykhgzSSLbmRAYmWVvJv7n+RnEN0HOZZoBk3SxKM4EBoVn/+MB14yCmFhCqOb2VkxHRBMKNqWyDcFbfnmVdOo177LmPlxVG60ijhI6RWfoAnnoGjXQPWqiNqJIoWf0it4ccF6cd+dj0brmFDMn6A+czx8/dY/6</latexit>



Linear Autoencoder



Linear Autoencoder

Theorem: The loss is strictly saddle (Morse-Bott). All minima are global.

X = U⌃V |
<latexit sha1_base64="VgpFA3HLONIY8Rf8d2u/CuEYqT4=">AAACAHicbVBNS8NAEN34WetX1IMHL4tF8FQSFfQiFLx4rNi0hSaWyXbTLt1swu5GKKEX/4oXD4p49Wd489+4bXPQ1gcDj/dmmJkXppwp7Tjf1tLyyuraemmjvLm1vbNr7+03VZJJQj2S8ES2Q1CUM0E9zTSn7VRSiENOW+HwZuK3HqlULBENPUppEENfsIgR0Ebq2odtfI09/571Y8DNB58JTSUB3rUrTtWZAi8StyAVVKDetb/8XkKymApNOCjVcZ1UBzlIzQin47KfKZoCGUKfdgwVEFMV5NMHxvjEKD0cJdKU0Hiq/p7IIVZqFIemMwY9UPPeRPzP62Q6ugpyJtJMU0Fmi6KMY53gSRq4xyQlmo8MASKZuRWTAUggJgVVNiG48y8vkuZZ1T2vOncXlVqjiKOEjtAxOkUuukQ1dIvqyEMEjdEzekVv1pP1Yr1bH7PWJauYOUB/YH3+AEH+lZ4=</latexit>

W2 = Uk(I � �⌃-2)-
1
2O

<latexit sha1_base64="d3jbWbwvWpe3vFhs3wPa1lj4sDg="></latexit>

Theorem: The top principal directions of      with eigenvalue greater than    
                  coincide with the left singular vectors of the trained decoder       . 
                  These eigenvalues are determined by the singular values of       .

�
<latexit sha1_base64="btCdGgRJCU8o2KOeyxkvWXSGf6I=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQq6LLgxmWFvqAN5WYyaYdOJmFmIpTQj3DjQhG3fo87/8Zpm4W2Hhg4nHMuc+8JUsG1cd1vp7SxubW9U96t7O0fHB5Vj086OskUZW2aiET1AtRMcMnahhvBeqliGAeCdYPJ/dzvPjGleSJbZpoyP8aR5BGnaKzUHQgbDXFYrbl1dwGyTryC1KBAc1j9GoQJzWImDRWodd9zU+PnqAyngs0qg0yzFOkER6xvqcSYaT9frDsjF1YJSZQo+6QhC/X3RI6x1tM4sMkYzVivenPxP6+fmejOz7lMM8MkXX4UZYKYhMxvJyFXjBoxtQSp4nZXQseokBrbUMWW4K2evE46V3Xvuu4+3tQaraKOMpzBOVyCB7fQgAdoQhsoTOAZXuHNSZ0X5935WEZLTjFzCn/gfP4AQtmPkQ==</latexit>

W2
<latexit sha1_base64="ULbV1CtY7Yf8eOjCDNbao2Du8kA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V+wVtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vp7CxubW9U9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3dzvPHFtRKyaOE24H9GREqFgFK302BnUBuWKW3UXIOvEy0kFcjQG5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny1OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieOtnQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk3at6l1V3YfrSr2Zx1GEMziHS/DgBupwDw1oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPH+DzjZQ=</latexit>

X
<latexit sha1_base64="Q1Sz7OsZujAWv/SbROrHKri2JtY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUa3UG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrzzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6p3XXUbN5VaM4+jCGdwDpfgwS3U4AHq0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz+7zYzw</latexit>

W2
<latexit sha1_base64="ULbV1CtY7Yf8eOjCDNbao2Du8kA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V+wVtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vp7CxubW9U9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3dzvPHFtRKyaOE24H9GREqFgFK302BnUBuWKW3UXIOvEy0kFcjQG5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny1OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieOtnQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk3at6l1V3YfrSr2Zx1GEMziHS/DgBupwDw1oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPH+DzjZQ=</latexit>

Theorem: L2-regularized linear autoencoders are symmetric at all critical points.

=)
<latexit sha1_base64="gSc+ZWw7if1RMgHoTXd07KLh3qY=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0V9Bjw4jFCXpAsYXbSmwyZmV1nZoUQ8hNePCji1d/x5t84SfagiQUNRVU33V1RKrixvv/tra1vbG5tF3aKu3v7B4elo+OmSTLNsMESkeh2RA0KrrBhuRXYTjVSGQlsRaO7md96Qm14oup2nGIo6UDxmDNqndTucum2oOmVyn7Fn4OskiAnZchR65W+uv2EZRKVZYIa0wn81IYTqi1nAqfFbmYwpWxEB9hxVFGJJpzM752Sc6f0SZxoV8qSufp7YkKlMWMZuU5J7dAsezPxP6+T2fg2nHCVZhYVWyyKM0FsQmbPkz7XyKwYO0KZ5u5WwoZUU2ZdREUXQrD88ippXlaCq4r/cF2u1vM4CnAKZ3ABAdxAFe6hBg1gIOAZXuHNe/RevHfvY9G65uUzJ/AH3ucPSD+QLQ==</latexit>

PCA algo: Fit a regularized LAE and SVD the decoder. Oja weight 
decay+



Scalar Autoencoder

w1
<latexit sha1_base64="lalMcsa7rzWFo5/oi/y51gSUb7A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8eK/YI2lM120i7dbMLuRimhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzvz2IyrNY9kwkwT9iA4lDzmjxkoPT32vX664VXcOskq8nFQgR71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJb/yMyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6l1W3furSq2Rx1GEEziFc/DgGmpwB3VoAoMhPMMrvDnCeXHenY9Fa8HJZ47hD5zPHxA+jbM=</latexit>

w2
<latexit sha1_base64="LskXFX7+MX1foRVtGRB8hmBQwDQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rFiv6ANZbOdtEs3m7C7UUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/OCRHBtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377EZXmsWyYSYJ+RIeSh5xRY6WHp361Xyq7FXcOskq8nJQhR71f+uoNYpZGKA0TVOuu5ybGz6gynAmcFnupxoSyMR1i11JJI9R+Nj91Ss6tMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJb/yMyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2hC85ZdXSata8S4r7v1VudbI4yjAKZzBBXhwDTW4gzo0gcEQnuEV3hzhvDjvzseidc3JZ07gD5zPHxHCjbQ=</latexit>

L(w1, w2) = (x� w2w1x)
2

<latexit sha1_base64="DtDgtl6laPZzSMVGJnvZwm12KUc=">AAACEnicbVDLSgMxFM3UV62vUZdugkVoQctMFXQjFNy4cFGhL2jHIZOmbWgmMyQZ2zL0G9z4K25cKOLWlTv/xkw7C60euHA4516Sc7yQUaks68vILC2vrK5l13Mbm1vbO+buXkMGkcCkjgMWiJaHJGGUk7qiipFWKAjyPUaa3vAq8Zv3REga8JqahMTxUZ/THsVIack1ix0fqQFGLL6ZFkaufQxHbrkIL2FhDE8SrseG4+Jd2TXzVsmaAf4ldkryIEXVNT873QBHPuEKMyRl27ZC5cRIKIoZmeY6kSQhwkPUJ21NOfKJdOJZpCk80koX9gKhhys4U39exMiXcuJ7ejMJIBe9RPzPa0eqd+HElIeRIhzPH+pFDKoAJv3ALhUEKzbRBGFB9V8hHiCBsNIt5nQJ9mLkv6RRLtmnJev2LF+ppXVkwQE4BAVgg3NQAdegCuoAgwfwBF7Aq/FoPBtvxvt8NWOkN/vgF4yPbwAUmok=</latexit>

L⇡(w1, w2) = (x� w2w1x)
2 + �(w2w1)

2
<latexit sha1_base64="eI27v8GqinIajZpW/6IqLm59kYs="></latexit>

L�(w1, w2) = (x� w2w1x)
2 + �(w2

1 + w2
2)

<latexit sha1_base64="7s/1dTmzCP+97oGahZMDfkLE20E="></latexit>

unregularized

product

sum

Scalar AE Visualization

https://danielkunin.github.io/Regularized-Linear-Autoencoders/


Scalar Autoencoder
w1

<latexit sha1_base64="lalMcsa7rzWFo5/oi/y51gSUb7A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8eK/YI2lM120i7dbMLuRimhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vp7C2vrG5Vdwu7ezu7R+UD49aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzvz2IyrNY9kwkwT9iA4lDzmjxkoPT32vX664VXcOskq8nFQgR71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJb/yMyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6l1W3furSq2Rx1GEEziFc/DgGmpwB3VoAoMhPMMrvDnCeXHenY9Fa8HJZ47hD5zPHxA+jbM=</latexit>

w2
<latexit sha1_base64="LskXFX7+MX1foRVtGRB8hmBQwDQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rFiv6ANZbOdtEs3m7C7UUroT/DiQRGv/iJv/hu3bQ7a+mDg8d4MM/OCRHBtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYxvZ377EZXmsWyYSYJ+RIeSh5xRY6WHp361Xyq7FXcOskq8nJQhR71f+uoNYpZGKA0TVOuu5ybGz6gynAmcFnupxoSyMR1i11JJI9R+Nj91Ss6tMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJb/yMyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2hC85ZdXSata8S4r7v1VudbI4yjAKZzBBXhwDTW4gzo0gcEQnuEV3hzhvDjvzseidc3JZ07gD5zPHxHCjbQ=</latexit>



The critical landscape is diffeomorphic to the space of pairs              or              with 

•                                of size                    , 

•                     with independent columns, 

•                     with orthonormal columns. 

(I, G)
<latexit sha1_base64="5HbhMb5/aChRSJiz/jCEc/8YtYk=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUpSBV0WXKi7CvYBbSiT6aQdOpmEmUmhhP6JGxeKuPVP3Pk3TtostPXAwOGce7lnjh9zprTjfFuFtfWNza3idmlnd2//wD48aqkokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH99mfntCpWKReNLTmHohHgoWMIK1kfq2XemFWI8I5unD7ALdnfftslN15kCrxM1JGXI0+vZXbxCRJKRCE46V6rpOrL0US80Ip7NSL1E0xmSMh7RrqMAhVV46Tz5DZ0YZoCCS5gmN5urvjRSHSk1D30xmMdWyl4n/ed1EBzdeykScaCrI4lCQcKQjlNWABkxSovnUEEwkM1kRGWGJiTZllUwJ7vKXV0mrVnUvq87jVbneyOsowgmcQgVcuIY63EMDmkBgAs/wCm9War1Y79bHYrRg5TvH8AfW5w8hEpK2</latexit>

(I, O)
<latexit sha1_base64="G8QW6V0HikAh+F3ucPxelylLh1M=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUpSBV0W3OjKCvYBbSiT6aQdOpmEmUmhhP6JGxeKuPVP3Pk3TtostPXAwOGce7lnjh9zprTjfFuFtfWNza3idmlnd2//wD48aqkokYQ2ScQj2fGxopwJ2tRMc9qJJcWhz2nbH99mfntCpWKReNLTmHohHgoWMIK1kfq2XemFWI8I5un97AI9nPftslN15kCrxM1JGXI0+vZXbxCRJKRCE46V6rpOrL0US80Ip7NSL1E0xmSMh7RrqMAhVV46Tz5DZ0YZoCCS5gmN5urvjRSHSk1D30xmMdWyl4n/ed1EBzdeykScaCrI4lCQcKQjlNWABkxSovnUEEwkM1kRGWGJiTZllUwJ7vKXV0mrVnUvq87jVbneyOsowgmcQgVcuIY63EEDmkBgAs/wCm9War1Y79bHYrRg5TvH8AfW5w8tOpK+</latexit>

I ⇢ {1, . . . ,m}
<latexit sha1_base64="ONh0lIETZOOXKlZr96ombUnEJrU=">AAACDXicbVDLSsNAFJ34rPUVdelmsAouSklU0GXBje4q2Ac0oUwmk3bo5MHMjVBCfsCNv+LGhSJu3bvzb5y0WWjrgQuHc+7l3nu8RHAFlvVtLC2vrK6tVzaqm1vbO7vm3n5HxamkrE1jEcueRxQTPGJt4CBYL5GMhJ5gXW98XfjdByYVj6N7mCTMDckw4gGnBLQ0MI+dkMCIEpHd5thRqacYYCez69gRfgyqjkMnH5g1q2FNgReJXZIaKtEamF+OH9M0ZBFQQZTq21YCbkYkcCpYXnVSxRJCx2TI+ppGJGTKzabf5PhEKz4OYqkrAjxVf09kJFRqEnq6s7hdzXuF+J/XTyG4cjMeJSmwiM4WBanAEOMiGuxzySiIiSaESq5vxXREJKGgA6zqEOz5lxdJ56xhnzesu4tas1XGUUGH6AidIhtdoia6QS3URhQ9omf0it6MJ+PFeDc+Zq1LRjlzgP7A+PwBes6bNA==</latexit>

0  l  k
<latexit sha1_base64="lq9wpXSJkTHOyU4yttir62nO5tI=">AAAB+HicbVBNSwMxEJ2tX7V+tOrRS7AInsquCnosePFYwX5Au5RsOtuGZrNrkhXq0l/ixYMiXv0p3vw3pu0etPXBMI/3ZsjkBYng2rjut1NYW9/Y3Cpul3Z29/bLlYPDlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GNzO//YhK81jem0mCfkSHkoecUWOlfqXskp7AByIWbdyvVN2aOwdZJV5OqpCj0a989QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHz4lp1YZkDBWtqQhc/X3RkYjrSdRYCcjakZ62ZuJ/3nd1ITXfsZlkhqUbPFQmApiYjJLgQy4QmbExBLKFLe3EjaiijJjsyrZELzlL6+S1nnNu6i5d5fVeiOPowjHcAJn4MEV1OEWGtAEBik8wyu8OU/Oi/PufCxGC06+cwR/4Hz+AAm+khQ=</latexit>

G 2 Rk⇥l
<latexit sha1_base64="0jPX/SP54x1XE/SSdEej94648eA=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIV9FjwoMcq9gOaWDbbTbt0swm7G6GEnLz4V7x4UMSrv8Gb/8ZN24O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4WfitByoVi8WdHiXUj3BfsJARrI3UtQ+ukMcE8iKsB0GQ3eb32RB5mkVUIZ537YpTdcZA88SdkgpMUe/aX14vJmlEhSYcK9VxnUT7GZaaEU7zspcqmmAyxH3aMVRgs8fPxm/k6MgoPRTG0pTQaKz+nshwpNQoCkxnca6a9QrxP6+T6vDCz5hIUk0FmSwKU450jIpMUI9JSjQfGYKJZOZWRAZYYqJNcmUTgjv78jxpnlTd06pzc1ap1adxlGAfDuEYXDiHGlxDHRpA4BGe4RXerCfrxXq3PiatC9Z0Zg/+wPr8AYxQmJY=</latexit>

O 2 Rk⇥l
<latexit sha1_base64="/ho8bTwfOHeO/NcQ1PBzbeYuDQw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0XwVBIV9Fjw4s0q9gOaWDbbTbt0swm7G6GEnLz4V7x4UMSrv8Gb/8ZN24O2Phh4vDfDzLwg4Uxpx/m2FhaXlldWS2vl9Y3NrW17Z7ep4lQS2iAxj2U7wIpyJmhDM81pO5EURwGnrWB4WfitByoVi8WdHiXUj3BfsJARrI3UtQ+ukccE8iKsB0GQ3eb32RB5mkVUIZ537YpTdcZA88SdkgpMUe/aX14vJmlEhSYcK9VxnUT7GZaaEU7zspcqmmAyxH3aMVRgs8fPxm/k6MgoPRTG0pTQaKz+nshwpNQoCkxnca6a9QrxP6+T6vDCz5hIUk0FmSwKU450jIpMUI9JSjQfGYKJZOZWRAZYYqJNcmUTgjv78jxpnlTd06pzc1ap1adxlGAfDuEYXDiHGlxBHRpA4BGe4RXerCfrxXq3PiatC9Z0Zg/+wPr8AZlQmJ4=</latexit>



Shrinkage

Unregularized                             Product                                   Sum

None                                     Ridge                                 pPCA-like





Prediction in artificial neural networks is inspired by the brain.
Is learning in the brain inspired by artificial neural networks?

W0
<latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit>

W1
<latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit>

W2
<latexit sha1_base64="ULbV1CtY7Yf8eOjCDNbao2Du8kA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V+wVtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vp7CxubW9U9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3dzvPHFtRKyaOE24H9GREqFgFK302BnUBuWKW3UXIOvEy0kFcjQG5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny1OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieOtnQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk3at6l1V3YfrSr2Zx1GEMziHS/DgBupwDw1oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPH+DzjZQ=</latexit>

W0
<latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit>

W |
1

<latexit sha1_base64="7GdFtJLbYJERiehD19ySrMpJKoQ=">AAAB9HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYXFh7emWFm3yARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3hqj0jyWD2aSoB/RgeQhZ9RYy2/1vMculwYVo6JXrrhVdy6yCl4OFchV75W/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixKGmE2s/mR0/JmXX6JIyVfdKQuft7IqOR1pMosJ0RNUO9XJuZ/9U6qQmv/YzLJDUo2WJRmApiYjJLgPS5QmbExAJlittbCRtSRZlNQZdsCN7yl1eheVH1LN9fVmo3eRxFOIFTOAcPrqAGd1CHBjB4gmd4hTdn7Lw4787HorXg5DPH8EfO5w+Ia5Hv</latexit><latexit sha1_base64="7GdFtJLbYJERiehD19ySrMpJKoQ=">AAAB9HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYXFh7emWFm3yARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3hqj0jyWD2aSoB/RgeQhZ9RYy2/1vMculwYVo6JXrrhVdy6yCl4OFchV75W/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixKGmE2s/mR0/JmXX6JIyVfdKQuft7IqOR1pMosJ0RNUO9XJuZ/9U6qQmv/YzLJDUo2WJRmApiYjJLgPS5QmbExAJlittbCRtSRZlNQZdsCN7yl1eheVH1LN9fVmo3eRxFOIFTOAcPrqAGd1CHBjB4gmd4hTdn7Lw4787HorXg5DPH8EfO5w+Ia5Hv</latexit><latexit sha1_base64="7GdFtJLbYJERiehD19ySrMpJKoQ=">AAAB9HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYXFh7emWFm3yARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3hqj0jyWD2aSoB/RgeQhZ9RYy2/1vMculwYVo6JXrrhVdy6yCl4OFchV75W/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixKGmE2s/mR0/JmXX6JIyVfdKQuft7IqOR1pMosJ0RNUO9XJuZ/9U6qQmv/YzLJDUo2WJRmApiYjJLgPS5QmbExAJlittbCRtSRZlNQZdsCN7yl1eheVH1LN9fVmo3eRxFOIFTOAcPrqAGd1CHBjB4gmd4hTdn7Lw4787HorXg5DPH8EfO5w+Ia5Hv</latexit><latexit sha1_base64="7GdFtJLbYJERiehD19ySrMpJKoQ=">AAAB9HicbZBNS8NAEIYn9avWr6pHL4tF8FQSEfRY9OKxgv2ANpbNdtIu3Wzi7qZQQn+HFw+KePXHePPfuG1z0NYXFh7emWFm3yARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e2s3hqj0jyWD2aSoB/RgeQhZ9RYy2/1vMculwYVo6JXrrhVdy6yCl4OFchV75W/uv2YpRFKwwTVuuO5ifEzqgxnAqelbqoxoWxEB9ixKGmE2s/mR0/JmXX6JIyVfdKQuft7IqOR1pMosJ0RNUO9XJuZ/9U6qQmv/YzLJDUo2WJRmApiYjJLgPS5QmbExAJlittbCRtSRZlNQZdsCN7yl1eheVH1LN9fVmo3eRxFOIFTOAcPrqAGd1CHBjB4gmd4hTdn7Lw4787HorXg5DPH8EfO5w+Ia5Hv</latexit>

W1
<latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit>

W0
<latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit>

W1
<latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit>

B
<latexit sha1_base64="p1wzviV/tGb7QBxZqgVfgtOoci4=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix68dhCv6ANZbOdtGs3m7C7EUroL/DiQRGv/iRv/hu3bQ7a+mDg8d4MM/OCRHBtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsWyYSYJ+RIeSh5xRY6X6Xb9UdivuHGSVeDkpQ45av/TVG8QsjVAaJqjWXc9NjJ9RZTgTOC32Uo0JZWM6xK6lkkao/Wx+6JScW2VAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE976GZdJalCyxaIwFcTEZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7QheMsvr5LWZcW7qrj163K1kcdRgFM4gwvw4Aaq8AA1aAIDhGd4hTfn0Xlx3p2PReuak8+cwB84nz+adYza</latexit>

Feedback 
Alignment

Backprop

W0
<latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit>

W1
<latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit>

W2
<latexit sha1_base64="ULbV1CtY7Yf8eOjCDNbao2Du8kA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V+wVtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vp7CxubW9U9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3dzvPHFtRKyaOE24H9GREqFgFK302BnUBuWKW3UXIOvEy0kFcjQG5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny1OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieOtnQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk3at6l1V3YfrSr2Zx1GEMziHS/DgBupwDw1oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPH+DzjZQ=</latexit>

Information 
Alignment

Symmetric 
Alignment



Prediction in artificial neural networks is inspired by the brain.
Is learning in the brain inspired by artificial neural networks?

W0
<latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit>

W1
<latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit>

W2
<latexit sha1_base64="ULbV1CtY7Yf8eOjCDNbao2Du8kA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V+wVtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vp7CxubW9U9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3dzvPHFtRKyaOE24H9GREqFgFK302BnUBuWKW3UXIOvEy0kFcjQG5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny1OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieOtnQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk3at6l1V3YfrSr2Zx1GEMziHS/DgBupwDw1oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPH+DzjZQ=</latexit>

x
<latexit sha1_base64="LjQjC8RzmAYn305BmuYMWVmZqkk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix48dhCv6ANZbOdtGs3m7C7EUvoL/DiQRGv/iRv/hu3bQ7a+mDg8d4MM/OCRHBtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZn77EZXmsWyYSYJ+RIeSh5xRY6X6U79UdivuHGSVeDkpQ45av/TVG8QsjVAaJqjWXc9NjJ9RZTgTOC32Uo0JZWM6xK6lkkao/Wx+6JScW2VAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE976GZdJalCyxaIwFcTEZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7QheMsvr5LWZcW7qrj163K1kcdRgFM4gwvw4AaqcA81aAIDhGd4hTfnwXlx3p2PReuak8+cwB84nz/sTY0Q</latexit>

h
<latexit sha1_base64="4MgzTmbtylCDHHBKnIf+gjxmi1c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUa40G54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrzzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6p3XXUbN5VaM4+jCGdwDpfgwS3U4AHq0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UDY0A</latexit>

y
<latexit sha1_base64="mGv2TYrKs7c5uDROAYdCPtPxLUs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUa00G54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrzzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6p3XXUbN5VaM4+jCGdwDpfgwS3U4AHq0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/t0Y0R</latexit>Prediction 

Supervised

Representation  
Unsupervised

Efficiency  
Sparsity

Self-amplification 
Feedback control

Lpred = ||y �W1W0x||2

Linfo = ||h�W2W1h||2

Lreg = ||W1||2 + ||W2||2

Lself = �2tr(W2W1)
<latexit sha1_base64="xiMJBC6w99PeiL+X75M98JkoJT0="></latexit>



Prediction in artificial neural networks is inspired by the brain.
Is learning in the brain inspired by artificial neural networks?

W0
<latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit><latexit sha1_base64="URC+SnHMY0JM1bKZD5uKmRFwMEw=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDue3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9fZjX4=</latexit>

W1
<latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit><latexit sha1_base64="wGXgvW/F/1M+kqYIRPJikNJoEo8=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9dDu+3236tW8ucgq+AVUoVCj7371BgnLYpSGCap11/dSE+RUGc4ETiu9TGNK2ZgOsWtR0hh1kM9XnZIz6wxIlCj7pCFz9/dETmOtJ3FoO2NqRnq5NjP/q3UzE10HOZdpZlCyxUdRJohJyOxuMuAKmRETC5QpbnclbEQVZcamU7Eh+Msnr0LrouZbvr+s1m+KOMpwAqdwDj5cQR3uoAFNYDCEZ3iFN0c4L86787FoLTnFzDH8kfP5A9ldjX8=</latexit>

W2
<latexit sha1_base64="ULbV1CtY7Yf8eOjCDNbao2Du8kA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48V+wVtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vp7CxubW9U9wt7e0fHB6Vj0/aJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJ3dzvPHFtRKyaOE24H9GREqFgFK302BnUBuWKW3UXIOvEy0kFcjQG5a/+MGZpxBUySY3peW6CfkY1Cib5rNRPDU8om9AR71mqaMSNny1OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieOtnQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTsiF4qy+vk3at6l1V3YfrSr2Zx1GEMziHS/DgBupwDw1oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPH+DzjZQ=</latexit>

x
<latexit sha1_base64="LjQjC8RzmAYn305BmuYMWVmZqkk=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KokKeix48dhCv6ANZbOdtGs3m7C7EUvoL/DiQRGv/iRv/hu3bQ7a+mDg8d4MM/OCRHBtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZn77EZXmsWyYSYJ+RIeSh5xRY6X6U79UdivuHGSVeDkpQ45av/TVG8QsjVAaJqjWXc9NjJ9RZTgTOC32Uo0JZWM6xK6lkkao/Wx+6JScW2VAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE976GZdJalCyxaIwFcTEZPY1GXCFzIiJJZQpbm8lbEQVZcZmU7QheMsvr5LWZcW7qrj163K1kcdRgFM4gwvw4AaqcA81aAIDhGd4hTfnwXlx3p2PReuak8+cwB84nz/sTY0Q</latexit>

h
<latexit sha1_base64="4MgzTmbtylCDHHBKnIf+gjxmi1c=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUa40G54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrzzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6p3XXUbN5VaM4+jCGdwDpfgwS3U4AHq0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/UDY0A</latexit>

y
<latexit sha1_base64="mGv2TYrKs7c5uDROAYdCPtPxLUs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUa00G54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrzzMy6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6p3XXUbN5VaM4+jCGdwDpfgwS3U4AHq0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/t0Y0R</latexit>LBP = Lpred + Lreg

LIA = Lpred + Linfo + Lreg

LSA = Lpred + Lself + Lreg
<latexit sha1_base64="6d9xgTxRk9HFlKp9f6SlkOIpd7g="></latexit>

||W2 �W |
1 ||2

<latexit sha1_base64="bjdZNw1U0s8lhM4XoPPkWQN/hKE=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgxpJUQZcFNy4r9AVtGibTm3boZBJmJkJpiht/xY0LRdz6Fe78G6ePhbYeuHA4517uvSdIOFPacb6tldW19Y3N3FZ+e2d3b98+OKyrOJUUajTmsWwGRAFnAmqaaQ7NRAKJAg6NYHA78RsPIBWLRVUPE/Ai0hMsZJRoI/n2cZY1/BK+wA3f7bSZ0CAp4VnWKfl2wSk6U+Bl4s5JAc1R8e2vdjemaQRCU06UarlOor0RkZpRDuN8O1WQEDogPWgZKkgEyhtNXxjjM6N0cRhLU0Ljqfp7YkQipYZRYDojovtq0ZuI/3mtVIc33oiJJNUg6GxRmHKsYzzJA3eZBKr50BBCJTO3YtonklCThMqbENzFl5dJvVR0L4vO/VWhXJ3HkUMn6BSdIxddozK6QxVUQxQ9omf0it6sJ+vFerc+Zq0r1nzmCP2B9fkD2zmWgQ==</latexit>

{



Linear, 1 hidden layer
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Feedback 
Alignment

Backprop Information 
Alignment

Symmetric 
Alignment

-5e-5 learning rate 
-1000 batch size 
-30 epochs 
-ReLu activations  
- 784 - 256 - 256 - 256 - 256 - 256 - 10 architecture 
- Lambda = 1e-6

ReLU, 6 hidden layers

MNIST Test Error (%)



BP FA

IA SA

Alignment



in silico 
- architecture search for less-biologically-implausible learning at scale 
- adversarial robustness, information bottleneck, multitask learning 

in puro 
- LAE from X to Y: closely related to PLS, CCA 
- derive and study continuous flows on linear alignment networks 

in algo 
- bio-inspired take down of randomized SVD 

in vivo  
- dynamics of representation teleportation in development and learning 
- neural implementation factored through genomic / molecular ontogeny 
  in space and time  
 
in categorico / physico 
- ground learning in functors between algebra, topology, and geometry  
  (Morse homology, ensemble and consensus learning, TQFT)

⇡
<latexit sha1_base64="IsYkfOfpBfpySzDph5dGUtZ8zSs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48V+wVtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5m/udJ1Sax7Jppgn6ER1JHnJGjZUe+wkflCtu1V2ArBMvJxXI0RiUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLU6dkQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCWz/jMkkNSrZcFKaCmJjM/yZDrpAZMbWEMsXtrYSNqaLM2HRKNgRv9eV10r6qetdV96FWqTfzOIpwBudwCR7cQB3uoQEtYDCCZ3iFN0c4L 86787FsLTj5zCn8gfP5A1XRjeE=</latexit>

X
<latexit sha1_base64="MZlSHa1GF6fbXQQi3SGVEUrqjK4=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyqoMeCF48V+gXtUrJptg1NskuSFcrSv+DFgyJe/UPe/Ddm2z1o64OBx3szzMwLE8GN9bxvVNrY3NreKe9W9vYPDo+qxycdE6easjaNRax7ITFMcMXallvBeolmRIaCdcPpfe53n5g2PFYtO0tYIMlY8YhTYnNpYFI5rNa8urcAXid+QWpQoDmsfg1GMU0lU5YKYkzf9xIbZERbTgWbVwapYQmhUzJmfUcVkcwE2eLWOb5wyghHsXalLF6ovycyIo2ZydB1SmInZtXLxf+8fmqjuyDjKkktU3S5KEoFtjHOH8cjrhm1YuYIoZq7WzGdEE2odfFUXAj+6svrpHNV96/r3uNNrdEq4ijDGZzDJfhwCw14gCa0gcIEnuEV3pBEL+gdfSxbS6iYOYU/QJ8/N/+OZw==</latexit>



Compressor

f1
<latexit sha1_base64="lzt5VcoclOkduoBqm66/UBNlUHo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpIRx4g2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+anzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UY3viZUEmKXLHFojCVBGOS/02GQnOGcmoJZVrYWwkbU00Z2nQqNgRv+eVV0r6oe5d19/6q1mgWcZThBE7hHDy4hgbcQRNawGAEz/AKb450Xpx352PRWnKKmWP4A+fzB/UVjZ4=</latexit>

f2
<latexit sha1_base64="xNaTWkC8spCx4YSQFBaFSXTVBr8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+GgNihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+q6t7XK41mHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwD2mY2f</latexit>



Transporter

f1
<latexit sha1_base64="lzt5VcoclOkduoBqm66/UBNlUHo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpIRx4g2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+anzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UY3viZUEmKXLHFojCVBGOS/02GQnOGcmoJZVrYWwkbU00Z2nQqNgRv+eVV0r6oe5d19/6q1mgWcZThBE7hHDy4hgbcQRNawGAEz/AKb450Xpx352PRWnKKmWP4A+fzB/UVjZ4=</latexit>

f2
<latexit sha1_base64="xNaTWkC8spCx4YSQFBaFSXTVBr8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+GgNihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+q6t7XK41mHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwD2mY2f</latexit>



Stabilizer

f1
<latexit sha1_base64="lzt5VcoclOkduoBqm66/UBNlUHo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHFtRKwecZpwP6IjJULBKFrpIRx4g2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+anzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UY3viZUEmKXLHFojCVBGOS/02GQnOGcmoJZVrYWwkbU00Z2nQqNgRv+eVV0r6oe5d19/6q1mgWcZThBE7hHDy4hgbcQRNawGAEz/AKb450Xpx352PRWnKKmWP4A+fzB/UVjZ4=</latexit>

f2
<latexit sha1_base64="xNaTWkC8spCx4YSQFBaFSXTVBr8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD+GgNihX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+q6t7XK41mHkcRzuAcLsGDa2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwD2mY2f</latexit>







Thanks!
LAE: github.com/danielkunin/Regularized-Linear-Autoencoders 

homepage: broadinstitute.org/mia 
playlist:       bit.ly/2I18EvO  
overview:    youtube.com/watch?v=gWcFJiYZNZ0 

homepage: hail.is/about.html  
code:          github.com/hail-is/hail 

article: thecrimson.com/article/2019/2/28/broad-institute-scrut/

https://github.com/danielkunin/Regularized-Linear-Autoencoders
http://broadinstitute.org/mia
https://bit.ly/2I18EvO
https://www.youtube.com/watch?v=gWcFJiYZNZ0&list=PLlMMtlgw6qNjROoMNTBQjAcdx53kV50cS
https://hail.is/about.html
https://github.com/hail-is/hail
https://www.thecrimson.com/article/2019/2/28/broad-institute-scrut/
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bcftools 
• Split multiallelic variants

• Filter on GQ, AD, PASS

Custom Python/R scripts 
• Filter genotypes with bad allele balance

• Call de novo variants

• Compute transmission disequilibrium

• Dominance-encoded GWAS

• Gene count permutation tests


PLINK 
• Detect sample duplicates or ID swaps

• Call Mendelian violations

• Relatedness

• GWAS

• …

SNPSift 
• Genotype concordance

Eigenstrat 
• PCA

EMMAX 
• Sequence kernel 

association test

• Rare variant burden test

vcffilterjdk 
• Filter variants

tabix 
• Subset VCFs to intervals

bedtools 
• Interval annotation

Doesn’t 
Scale
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Scale

Doesn’t 
Scale
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Scale
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Scale
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Scale
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Statistical Genetics Tools
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MIA Slides



Alex Bloemendal





broadinstitute.org/









ML / AI needs biomedicine / neuroscience.



Backup Slides



Topology of PCA: Proof options
• Reduce to a simpler problem. 

• Replace      with      for analysis or                 for symmetry. 
 
 

• Reduce to a harder problem that’s already been solved: the LAE!

X
<latexit sha1_base64="C1Vp88QGyFiyu1BNV0BrnqMTA64=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasJbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp611W3WavUG3kcRTiDc7gED26gDvfQgBYwQHiGV3hzHp0X5935WLYWnHzmFP7A+fwBupmM7A==</latexit>

[⌃ | -⌃]
<latexit sha1_base64="J7K4LVE997qFwYCRtUbPtb2z6ys=">AAACE3icbVDJSgNBEO1xjXGLevTSGAQRDDMq6DHgxWNEs0BmCD2dmqRJz0J3jRjG/IMXf8WLB0W8evHm39hZBE18UPB4r4qqen4ihUbb/rLm5hcWl5ZzK/nVtfWNzcLWdk3HqeJQ5bGMVcNnGqSIoIoCJTQSBSz0JdT93sXQr9+C0iKObrCfgBeyTiQCwRkaqVU4dCUE2KTuteiEjLr03pSLcIfZ0eBHVKLTRa9VKNolewQ6S5wJKZIJKq3Cp9uOeRpChFwyrZuOnaCXMYWCSxjk3VRDwniPdaBpaMRC0F42+mlA943SpkGsTEVIR+rviYyFWvdD33SGDLt62huK/3nNFINzLxNRkiJEfLwoSCXFmA4Dom2hgKPsG8K4EuZWyrtMMY4mxrwJwZl+eZbUjkvOScm+Oi2WK5M4cmSX7JED4pAzUiaXpEKqhJMH8kReyKv1aD1bb9b7uHXOmszskD+wPr4BnkCdbA==</latexit>

⌃
<latexit sha1_base64="xq42Iv5Fbz0uGbBuMfUS6v6ht4Q=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexqQI8BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MbXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66IaXFb9u1ql3sjjKMIJnMI5BHAFdbiFBjSBwCM8wyu8ecp78d69j0VrwctnjuEPvM8fcD+PEw==</latexit>

�2
<latexit sha1_base64="cNm7ToM+7sv7Cev+BcP6ooAD+6E=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHgxWME84BkCbOT2WTIzOw60yuEkJ/w4kERr/6ON//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bNskM4w2WyMS0I2q5FJo3UKDk7dRwqiLJW9Hodua3nrixItEPOE55qOhAi1gwik5qd60YKNqr9kplv+LPQVZJkJMy5Kj3Sl/dfsIyxTUySa3tBH6K4YQaFEzyabGbWZ5SNqID3nFUU8VtOJnfOyXnTumTODGuNJK5+ntiQpW1YxW5TkVxaJe9mfif18kwvgknQqcZcs0Wi+JMEkzI7HnSF4YzlGNHKDPC3UrYkBrK0EVUdCEEyy+vkma1ElxW/Purcq2ex1GAUziDCwjgGmpwB3VoAAMJz/AKb96j9+K9ex+L1jUvnzmBP/A+fwDMKY/Y</latexit>

�1
<latexit sha1_base64="7ewtiacCp7zJLyxBHQg35zswIY4=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyqoMeAF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXcMHkvaCXrniV/05yCoJclKBHPVe+avbT1gmUVkmqDGdwE9tOKHaciZwWupmBlPKRnSAHUcVlWjCyfzeKTlzSp/EiXalLJmrvycmVBozlpHrlNQOzbI3E//zOpmNb8IJV2lmUbHFojgTxCZk9jzpc43MirEjlGnubiVsSDVl1kVUciEEyy+vkuZFNbis+vdXlVo9j6MIJ3AK5xDANdTgDurQAAYCnuEV3rxH78V79z4WrQUvnzmGP/A+fwDKpY/X</latexit>



LAE-SVD optimization
• Algorithm: optimize L2-regularized LAE and then take SVD of the decoder. 

• Using SGD, algorithm resembles randomized SVD.



Morse theory
• Idea: Study the topology of a space via smooth functions on the space. 

• A function is Morse if all critical points are non-degenerate: 

• The Morse index     is number of negative eigenvalues of Hessian.

f(x1, . . . , xm) = c� x2
1 � . . .� x2

d + x2
d+1 + . . .+ x2

m
<latexit sha1_base64="Ynb0mI/+wCYk7el0iRmqismE88E="></latexit>

R
<latexit sha1_base64="E7WktjzJnPndUM8qhI9mlNlLfOI=">AAAB8XicbVBNS8NAFHypX7V+VT16WSyCp5KooMeCF49VbC22oWy2L+3SzSbsboQS+i+8eFDEq//Gm//GTZuDtg4sDDPvsfMmSATXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6zhVDFssFrHqBFSj4BJbhhuBnUQhjQKBD8H4OvcfnlBpHst7M0nQj+hQ8pAzaqz02IuoGQVBdjftV2tu3Z2BLBOvIDUo0OxXv3qDmKURSsME1brruYnxM6oMZwKnlV6qMaFsTIfYtVTSCLWfzRJPyYlVBiSMlX3SkJn6eyOjkdaTKLCTeUK96OXif143NeGVn3GZpAYlm38UpoKYmOTnkwFXyIyYWEKZ4jYrYSOqKDO2pIotwVs8eZm0z+reed29vag1mkUdZTiCYzgFDy6hATfQhBYwkPAMr/DmaOfFeXc+5qMlp9g5hD9wPn8Awj+RAg==</latexit>

0 0

2 2 2
1

0

1
2 22

0

d
<latexit sha1_base64="FsiMmKz700uUOZeaDBpd93aRhZY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWw2k3btZhN2N0Ip/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28Hobua3n1BpnsgHM07Rj+lA8ogzaqzUCPvlilt15yCrxMtJBXLU++WvXpiwLEZpmKBadz03Nf6EKsOZwGmpl2lMKRvRAXYtlTRG7U/mh07JmVVCEiXKljRkrv6emNBY63Ec2M6YmqFe9mbif143M9GNP+EyzQxKtlgUZYKYhMy+JiFXyIwYW0KZ4vZWwoZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDyJOM6g==</latexit>



Morse theory
• Idea: Study the topology of a space via smooth functions on the space. 

• A function is Morse if all critical points are non-degenerate: 

• The Morse index     is number of negative eigenvalues of Hessian.

f(x1, . . . , xm) = c� x2
1 � . . .� x2

d + x2
d+1 + . . .+ x2

m
<latexit sha1_base64="Ynb0mI/+wCYk7el0iRmqismE88E="></latexit>

0 0

2 2 2
1

0

1
2 22

0

d
<latexit sha1_base64="FsiMmKz700uUOZeaDBpd93aRhZY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi8cW7Ae0oWw2k3btZhN2N0Ip/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28Hobua3n1BpnsgHM07Rj+lA8ogzaqzUCPvlilt15yCrxMtJBXLU++WvXpiwLEZpmKBadz03Nf6EKsOZwGmpl2lMKRvRAXYtlTRG7U/mh07JmVVCEiXKljRkrv6emNBY63Ec2M6YmqFe9mbif143M9GNP+EyzQxKtlgUZYKYhMy+JiFXyIwYW0KZ4vZWwoZUUWZsNiUbgrf88ippXVS9y6rbuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDyJOM6g==</latexit>

Euler characteristic

� =
X

(-1)di

<latexit sha1_base64="21/6USKEjKcRNIp9Yk9ANHuVpso=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4MSC8OuCtoIQRvLCOYB2bjMzk6SITO7y8xdMSwpbfwVGwtFbP0EO//GyaPQxAMXDufcy733+LHgGmz728rMzS8sLmWXcyura+sb+c2tmo4SRVmVRiJSDZ9oJnjIqsBBsEasGJG+YHW/dzX06/dMaR6Ft9CPWUuSTsjbnBIwkpffdWmX4wN8gV2dSFx0gT1AejRwDu/SwOMDL1+wS/YIeJY4E1JAE1S8/JcbRDSRLAQqiNZNx46hlRIFnAo2yLmJZjGhPdJhTUNDIplupaNHBnjfKAFuR8pUCHik/p5IidS6L33TKQl09bQ3FP/zmgm0z1spD+MEWEjHi9qJwBDhYSo44IpREH1DCFXc3IpplyhCwWSXMyE40y/PktpxyTkp2TenhfLlJI4s2kF7qIgcdIbK6BpVUBVR9Iie0St6s56sF+vd+hi3ZqzJzDb6A+vzB2MDmFE=</latexit>

1� 0 + 1 = 2 = 2� 1 + 1
<latexit sha1_base64="kPmoMvfx9FzWCbrk9dvPQePPKLE=">AAACAnicbVDLSgMxFL1TX7W+Rl2Jm2ARBGmZqYJuhKIblxXsA9qhZNJMG5rJDElGKKW48VfcuFDErV/hzr8xnc5CWw9cODnnXm7u8WPOlHacbyu3tLyyupZfL2xsbm3v2Lt7DRUlktA6iXgkWz5WlDNB65ppTluxpDj0OW36w5up33ygUrFI3OtRTL0Q9wULGMHaSF37wEUl5KBT5KIrVEmrZLh5d+2iU3ZSoEXiZqQIGWpd+6vTi0gSUqEJx0q1XSfW3hhLzQink0InUTTGZIj7tG2owCFV3jg9YYKOjdJDQSRNCY1S9ffEGIdKjULfdIZYD9S8NxX/89qJDi69MRNxoqkgs0VBwpGO0DQP1GOSEs1HhmAimfkrIgMsMdEmtYIJwZ0/eZE0KmX3rOzcnRer11kceTiEIzgBFy6gCrdQgzoQeIRneIU368l6sd6tj1lrzspm9uEPrM8fZSiRqQ==</latexit>







LAE-SVD optimization
• Algorithm: optimize L2-regularized LAE and then take SVD of the decoder. 

• This is a regularized version of Oja’s rule.



LAE-SVD optimization
• Algorithm: optimize L2-regularized LAE and then take SVD of the decoder. 

• This is a regularized version of Oja’s rule.


