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Abstract.

We study the relationship between geometry and capacity measures for
deep neural networks from an invariance viewpoint. We introduce a new
notion of capacity —the Fisher-Rao norm —that possesses desirable in-
variance properties and is motivated by Information Geometry. We discover
an analytical characterization of the new capacity measure, through which
we establish norm-comparison inequalities and further show that the new
measure serves as an umbrella for several existing norm-based complexity
measures. We discuss upper bounds on the generalization error induced
by the proposed measure. Extensive numerical experiments on CIFAR-10
support our theoretical findings. Our theoretical analysis rests on a key
structural lemma about partial derivatives of multi-layer rectifier networks.
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1. INTRODUCTION

Beyond their remarkable representation and memorization ability, deep neural
networks empirically perform well in out-of-sample prediction. This intriguing
out-of-sample generalization property poses two fundamental theoretical ques-
tions:

e What are the complexity notions that control the generalization aspects of
neural networks?
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e Why does stochastic gradient descent, or other variants, find parameters
with small complexity?

In this paper we approach the generalization question for deep neural networks
from a geometric invariance vantage point. The motivation behind invariance is
twofold: (1) The specific parametrization of the neural network is arbitrary and
should not impact its generalization power. As pointed out in [Neyshabur et al.,
2015a], for example, there are many continuous operations on the parameters of
ReLU nets that will result in exactly the same prediction and thus generalization
can only depend on the equivalence class obtained by identifying parameters
under these transformations. (2) Although flatness of the loss function has been
linked to generalization [Hochreiter and Schmidhuber, 1997], existing definitions
of flatness are neither invariant to nodewise re-scalings of ReLLU nets nor general
coordinate transformations [Dinh et al., 2017] of the parameter space, which calls
into question their utility for describing generalization.

It is thus natural to argue for a purely geometric characterization of generaliza-
tion that is invariant under the aforementioned transformations and additionally
resolves the conflict between flat minima and the requirement of invariance. Infor-
mation geometry is concerned with the study of geometric invariances arising in
the space of probability distributions, so we will leverage it to motivate a particu-
lar geometric notion of complexity —the Fisher-Rao norm. From an algorithmic
point of view the steepest descent induced by this geometry is precisely the nat-
ural gradient [Amari, 1998]. From the generalization viewpoint, the Fisher-Rao
norm naturally incorporates distributional aspects of the data and harmoniously
unites elements of flatness and norm which have been argued to be crucial for
explaining generalization [Neyshabur et al., 2017].

Statistical learning theory equips us with many tools to analyze out-of-sample
performance. The Vapnik-Chervonenkis dimension is one possible complexity no-
tion, yet it may be too large to explain generalization in over-parametrized mod-
els, since it scales with the size (dimension) of the network. In contrast, under
additional distributional assumptions of a margin, Perceptron (a one-layer net-
work) enjoys a dimension-free error guarantee, with an ¢ norm playing the role
of “capacity”. These observations (going back to the 60’s) have led the theory
of large-margin classifiers, applied to kernel methods, boosting, and neural net-
works [Anthony and Bartlett, 1999]. In particular, the analysis of Koltchinskii and
Panchenko [2002] combines the empirical margin distribution (quantifying how
well the data can be separated) and the Rademacher complexity of a restricted
subset of functions. This in turn raises the capacity control question: what is
a good notion of the restrictive subset of parameter space for neural networks?
Norm-based capacity control provides a possible answer and is being actively
studied for deep networks [Krogh and Hertz, 1992, Neyshabur et al., 2015b,a,
Bartlett et al., 2017, Neyshabur et al., 2017], yet the invariances are not always
reflected in these capacity notions. In general, it is very difficult to answer the
question of which capacity measure is superior. Nevertheless, we will show that
our proposed Fisher-Rao norm serves as an umbrella for the previously considered
norm-based capacity measures, and it appears to shed light on possible answers
to the above question.

Much of the difficulty in analyzing neural networks stems from their unwieldy
recursive definition interleaved with nonlinear maps. In analyzing the Fisher-Rao
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CAPACITY MEASURE AND GEOMETRY 3

norm, we proved an identity for the partial derivatives of the neural network that
appears to open the door to some of the geometric analysis. In particular, we
prove that any stationary point of the empirical objective with hinge loss that
perfectly separates the data must also have a large margin. Such an automatic
large-margin property of stationary points may link the algorithmic facet of the
problem with the generalization property. The same identity gives us a handle
on the Fisher-Rao norm and allows us to prove a number of facts about it.
Since we expect that the identity may be useful in deep network analysis, we
start by stating this result and its implications in the next section. In Section
3 we introduce the Fisher-Rao norm and establish through norm-comparison
inequalities that it serves as an umbrella for existing norm-based measures of
capacity. Using these norm-comparison inequalities we bound the generalization
error of various geometrically distinct subsets of the Fisher-Rao ball and provide
a rigorous proof of generalization for deep linear networks. Extensive numerical
experiments are performed in Section 5 demonstrating the superior properties of
the Fisher-Rao norm.

2. GEOMETRY OF DEEP RECTIFIED NETWORKS

DEFINITION 1. The function class Hj, realized by the feedforward neural net-
work architecture of depth L with coordinate-wise activation functions o; : R — R

is defined as set of functions fp : X — ) (X € RP and Y < Rf)! with

(2.1) fo(x) = op1(or(... oo(or (T WOYWHW?) .. wl) |

where the parameter vector # € O < R? (d = pky + ZiL:_ll kikiy1 + kLK) and
O = (WP e RP*k1 Wl eRRixk2  wwl—l e RRr-ixke yyl g RRrxKy

For simplicity of calculations, we have set all bias terms to zero?. We also
assume throughout the paper that

(2.2) o(z) =o' (2)z.

for all the activation functions, which includes ReLU o(z) = max{0, z}, “leaky”
ReLU o(z) = max{az, z}, and linear activations as special cases.

To make the exposition of the structural results concise, we define the following
intermediate functions in the definition (2.1). The output value of the ¢-th layer
hidden node is denoted as O'(x) € R¥* and the corresponding input value as
Nt(z) € R¥, with O'(x) = oy(N*(x)). By definition, O°(z) = = € RP, and the
final output OL1(x) = fy(x) € RE. For any N}, O, the subscript i denotes the
i-th coordinate of the vector.

Given a loss function ¢ : ) x Y — R, the statistical learning problem can be
phrased as optimizing the unobserved population loss:

23 Lo)= B UHX).Y) .

1t is possible to generalize the above architecture to include linear pre-processing operations
such as zero-padding and average pooling.

2In practice, we found that setting the bias to zero does not significantly impact results on
image classification tasks such as MNIST and CIFAR-10.
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based on i.i.d. samples {(X;,Y;)}¥, from the unknown joint distribution P. The
unregularized empirical objective function is denoted by

N
(24) £(0) 1= RUfo(X),Y) = 5 D 0n(X0), Y7)
i=1
We first establish the following structural result for neural networks. It will
be clear in the later sections that the lemma is motivated by the study of the
Fisher-Rao norm, formally defined in Eqn. (3.1) below, and information geom-
etry. For the moment, however, let us provide a different viewpoint. For linear
functions fp(z) = (0, x), we clearly have that (0f/d6,0) = fp(x). Remarkably, a
direct analogue of this simple statement holds for neural networks, even if over-
parametrized.

LEMMA 2.1 (Structure in Gradient). Given a single data input x € RP, con-

sider the feedforward neural network in Definition 1 with activations satisfying
(2.2). Then for any 0 <t < s < L, one has the identity

6()s+1 t s+1
(2.5) > S Wi = 0" @)
ielki],jelkisn]

In addition, it holds that

L a()L+1
(2.6 > 2 mpr Wh= @+ N0t .
t=0 ie[k¢],j€[kt+1] g

Lemma 2.1 reveals the structural constraints in the gradients of rectified net-
works. In particular, even though the gradients lie in an over-parametrized high-
dimensional space, many equality constraints are induced by the network archi-
tecture. Before we unveil the surprising connection between Lemma 2.1 and the
proposed Fisher-Rao norm, let us take a look at a few immediate corollaries of
this result. The first corollary establishes a large-margin property of stationary
points that separate the data.

COROLLARY 2.1 (Large Margin Stationary Points).  Consider the binary clas-
sification problem with Y = {—1, +1}, and a neural network where the output layer
has only one unit. Choose the hinge loss £(f,y) = max{0,1 — yf}. If a certain
parameter 0 satisfies two properties

1. 0 is a stationary point for L(0) in the sense VoL(0) = 0;
2. 0 separates the data in the sense that Y;fo(X;) > 0 for all i € [N],

then it must be that 0 is a large margin solution: for all i € [N],
Yifo(Xi) = 1.

The same result holds for the population criteria L(6), in which case (2) is stated
as P(Y fo(X) > 0) = 1, and the conclusion is P(Y fo(X) > 1) = 1.
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CAPACITY MEASURE AND GEOMETRY 5

PROOF. Observe that = —yifyf <1, and 2L — 0if yf > 1. Using

Eqn. (2.6) when the output layer has only one unit, we find

oU(f,Y)
0

O0(f5(X).Y)
afa(X)fo(X)] ,

= (L+ DE[-Y fo(X)1y 5, x)<1]

(VoL(0),60) = (L + 1)E [

For a stationary point 6, we have V@E(@) = 0, which implies the LHS of the
above equation is 0. Now recall that the second condition that 6 separates the
data implies implies —Y fp(X) < 0 for any point in the data set. In this case, the
RHS equals zero if and only if Y fy(X) > 1. O

Granted, the above corollary can be proved from first principles without the
use of Lemma 2.1, but the proof reveals a quantitative statement about stationary
points along arbitrary directions 6.

In the second corollary, we consider linear networks.

COROLLARY 2.2 (Stationary Points for Deep Linear Networks).  Consider lin-

ear neural networks with o(x) = x and square loss function. Then all stationary
points 0 = {WO W1 ..., WE} that satisfy

~ ~ 1
VoL(0) = Vi | 500 - Y| <0 |
must also satisfy

(w(8), XTXw(9) - XTY)=0,
where w(f) = HtL:O WteRP, X e RV*P and Y € RY are the data matrices.

PrOOF. The proof follows from applying Lemma 2.1

0=0"VyL(6) = (L+1E

L L
v -XTTIwHXxT]] Wt] :

=0 =0
which means (w(f), XTXw(0) — XTY) = 0. O

REMARK 2.1. This simple Lemma is not quite asserting that all stationary
points are global optima, since global optima satisfy XTXw(H) —XTY = 0, while
we only proved that the stationary points satisfy (w(6), X Xw(#) — XTY) = 0.

3. FISHER-RAO NORM AND GEOMETRY

In this section, we propose a new notion of complexity of neural networks that
can be motivated by geometrical invariance considerations, specifically the Fisher-
Rao metric of information geometry. We postpone this motivation to Section 3.3
and instead start with the definition and some properties. Detailed comparison
with the known norm-based capacity measures and generalization results are
delayed to Section 4.
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3.1 An analytical formula

DEFINITION 2. The Fisher-Rao norm for a parameter 6 is defined as the
following quadratic form

(3.1) 0] == <0,1(0)0) , where 1(6) = E[Vol(fo(X),Y) ® Vsl(fs(X),Y)] .

The underlying distribution for the expectation in the above definition has
been left ambiguous because it will be useful to specialize to different distributions
depending on the context. Even though we call the above quantity the “Fisher-
Rao norm,” it should be noted that it does not satisfy the triangle inequality.
The following Theorem unveils a surprising identity for the Fisher-Rao norm.

THEOREM 3.1 (Fisher-Rao norm). Assume the loss function £(-,-) is smooth
in the first argument. The following identity holds for a feedforward neural net-
work (Definition 1) with L hidden layers and activations satisfying (2.2):

2
(3.2) 612 = (L +17E [<W,fe<x>> ]

The proof of the Theorem relies mainly on the geometric Lemma 2.1 that
describes the gradient structure of multi-layer rectified networks.

REMARK 3.1. In the case when the output layer has only one node, Theo-
rem 3.1 reduces to the simple formula

2
(3.3) 612 = (L + 1°E [(W) fe(X)2]

PrOOF OF THEOREM 3.1. Using the definition of the Fisher-Rao norm,
HGH?r =K [<97 Vel(fG(X)a Y)>2] )

2
(oo L0200

-F [<a€<f9(X)7 Y) , v&fG(X>T9>2]

=E

dfo(X)
By Lemma 2.1,
Vofo(X)T0 = VOt (2)T0
B ZL: Z aOL+1W't'
oWt Y
t=0ie[k¢],je[kit1] Y
= (L+ 10" = (L+1)f5(X) .

Combining the above equalities, we obtain

2
012 = (L + 1)°E [<WJ@(X)> ]

O
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CAPACITY MEASURE AND GEOMETRY 7

Before illustrating how the explicit formula in Theorem 3.1 can be viewed as a
unified “umbrella” for many of the known norm-based capacity measures, let us
point out one simple invariance property of the Fisher-Rao norm, which follows
as a direct consequence of Thm. 3.1. This property is not satisfied for 5 norm,
spectral norm, path norm, or group norm.

COROLLARY 3.1 (Invariance). If there are two parameters 01,02 € ©p such
that they are equivalent, in the sense that fg, = fo,, then their Fisher-Rao norms
are equal, i.e.,

102 ]er = 102 -

3.2 Norms and geometry

In this section we will employ Theorem 3.1 to reveal the relationship among
different norms and their corresponding geometries. Norm-based capacity control
is an active field of research for understanding why deep learning generalizes
well, including ¢3 norm (weight decay) in [Krogh and Hertz, 1992, Krizhevsky
et al., 2012], path norm in [Neyshabur et al., 2015a], group-norm in [Neyshabur
et al., 2015b], and spectral norm in [Bartlett et al., 2017]. All these norms are
closely related to the Fisher-Rao norm, despite the fact that they capture distinct
inductive biases and different geometries.

For simplicity, we will showcase the derivation with the absolute loss function
(f,y) = |f — y| and when the output layer has only one node (kr+; = 1). The
argument can be readily adopted to the general setting. We will show that the
Fisher-Rao norm serves as a lower bound for all the norms considered in the
literature, with some pre-factor whose meaning will be clear in Section 4.1. In
addition, the Fisher-Rao norm enjoys an interesting umbrella property: by consid-
ering a more constrained geometry (motivated from algebraic norm comparison
inequalities) the Fisher-Rao norm motivates new norm-based capacity control
methods.

The main theorem we will prove is informally stated as follows.

THEOREM 3.2 (Norm comparison, informal). Denoting || - || as any one of:
(1) spectral norm, (2) matriz induced norm, (3) group norm, or (4) path norm,
we have

1

Ole < ||0]]
——l6l < lle1

for any 6 € © = {WO, W ... WL}, The specific norms (1)-(4) are formally
introduced in Definitions 3-6.

The detailed proof of the above theorem will be the main focus of Section 4.1.
Here we will give a sketch on how the results are proved.

LEMMA 3.1 (Matrix form).
(3.4) fo(z) = " WOD (e)W'D*(z) --- D'W D ()

where D'(x) = diag[o’(N'(x))] € RF*Ft | for 0 <t < L+ 1. In addition, D*(x) is
a diagonal matriz with diagonal elements being either 0 or 1.

file: paper_arxiv.tex date: November 7, 2017



PROOF OF LEMMA 3.1. Since O%(z)W? = 27W? = Nl(z) e R"*¥1 | we have
Nl(z)D' = Nl(x)diag(c’'(N'(x))) = O'(x). Proof is completed via induction.
O

For the absolute loss, one has (9¢(fp(X), Y)/&fg(X))2 = 1 and therefore The-
orem 3.1 simplifies to,

(3.5) 101 = (L + 1)2X]§P [v(0, X)"XXTv(0,X)] ,

where v(0,z) := WODY(z)W'D?(x)--- DF(z)WLDE+L(z) € RP. The norm com-
parison results are thus established through a careful decomposition of the data-
dependent vector v(6, X), in distinct ways according to the comparing norm/geometry.

3.3 Motivation and invariance

In this section, we will provide the original intuition and motivation for our
proposed Fisher-Rao norm from the viewpoint of geometric invariance.

Information geometry and the Fisher-Rao metric

Information geometry provides a window into geometric invariances when we
adopt a generative framework where the data generating process belongs to the
parametric family P € {Py|0 € O} indexed by the parameters of the neural
network architecture. The Fisher-Rao metric on {Py} is defined in terms of a
local inner product for each value of 6 € ©, as follows. For each «, 3 € R? define
the corresponding tangent vectors & := dppsa/dt|,_q, B 1= dpe+tp/dt|,_,- Then
for all # € O, and «a, 5 € R% we define the local inner product

ap

— Do
Po Po

(36) @B = |

M
where M = X x ). The above inner product extends to a Riemannian metric
on the space of positive densities Prob(M) called the Fisher-Rao metric®. The
relationship between the Fisher-Rao metric and the Fisher information matrix
Z(0) in statistics literature follows from the identity,

(3.7) (@, B)py =, Z(0)B) -

Notice that the Fisher information matrix induces a semi-inner product (o, 3) —
(o, Z(0)B) unlike the Fisher-Rao metric which is non-degenerate®. If we make
the additional modeling assumption that py(x,y) = p(x)pg(y |x) then the Fisher
information becomes,

(3.8) Z(0) = E(x,y)~p, [Vologpg(Y | X) ® Vglog pp(Y | X)]

If we now identify our loss function as ¢(fy(x),y) = —log pp(y | «) then the Fisher-
Rao metric coincides with the Fisher-Rao norm when o = § = 6. In fact, our
Fisher-norm encompasses the Fisher-Rao metric and generalizes it to the case
when the model is misspecified P ¢ {Py}.

Flatness

3Bauer et al. [2016] showed that it is essentially the the unique metric that is invariant under
the diffeomorphism group of M .
“The null space of Z(¢) is mapped to the origin under o — dppta/dt|,_,-
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CAPACITY MEASURE AND GEOMETRY 9

Having identified the geometric origin of Fisher-Rao norm, let us study the
implications for generalization of flat minima. Dinh et al. [2017] argued by way
of counter-example that the existing measures of flatness are inadequate for ex-
plaining the generalization capability of multi-layer neural networks. Specifically,
by utilizing the invariance property of multi-layer rectified networks under non-
negative nodewise rescalings, they proved that the Hessian eigenvalues of the loss
function can be made arbitrarily large, thereby weakening the connection between
flat minima and generalization. They also identified a more general problem which
afflicts Hessian-based measures of generalization for any network architecture and
activation function: the Hessian is sensitive to network parametrization whereas
generalization should be invariant under general coordinate transformations. Our
proposal can be motivated from the following fact® which relates flatness to ge-
ometry (under appropriate regularity conditions)

(3.9)
E x)~p, (0, Hess [((fo(X), )] 6) = Exyyop, 0, Vol (fo(X), Y)Y = |61}

In other words, the Fisher-Rao norm evades the node-wise rescaling issue be-
cause it is exactly invariant under linear re-parametrizations. The Fisher-Rao
norm moreover possesses an “infinitesimal invariance” property under non-linear
coordinate transformations, which can be seen by passing to the infinitesimal
form where non-linear coordinate invariance is realized exactly by the following
infinitesimal line element,

(3.10) d82 = Z [I(Q)]w dgzd(g] .
i,j€[d]

Comparing | 6| with the above line element reveals the geometric interpretation
of the Fisher-Rao norm as the approximate geodesic distance from the origin. It
is important to realize that our definition of flatness (3.9) differs from [Dinh et al.,
2017] who employed the Hessian loss Hessy [i(@)] Unlike the Fisher-Rao norm,
the norm induced by the Hessian loss does not enjoy the infinitesimal invariance

property (it only holds at critical points).

Natural gradient

There exists a close relationship between the Fisher-Rao norm and the natural
gradient. In particular, the natural gradient descent is simply the steepest descent
direction induced by the Fisher-Rao geometry of {Pp}. Indeed, the natural gradi-
ent can be expressed as a semi-norm-penalized iterative optimization scheme as
follows,
(3.11)

0141 = arg H(lzin [<0 — 0, VL(6:)) + QLHQ — et%(et)} =0 —nX(0)TVL(6,) .

6eR Nt

We remark that the positive semi-definite matrix I(6;) changes with different ¢.
We emphasize an “invariance” property of natural gradient under re-parametrization
and an “approximate invariance” property under over-parametrization, which is
not satisfied for the classic gradient descent. The formal statement and its proof
are deferred to Lemma 6.1 in Section 6.2. The invariance property is desirable:

5Set £(fa(x),y) = —logpe(y|r) and recall the fact that Fisher information can be viewed as
variance as well as the curvature.
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in multi-layer ReLU networks, there are many equivalent re-parametrizations of
the problem, such as nodewise rescalings, which may slow down the optimiza-
tion process. The advantage of natural gradient is also illustrated empirically in
Section 5.5.

4. CAPACITY CONTROL AND GENERALIZATION

In this section, we discuss in full detail the questions of geometry, capacity mea-
sures, and generalization. First, let us define empirical Rademacher complexity
for the parameter space O, conditioned on data {X;,i € [N]}, as

4.1 R =E

(4.1) N(©) = Esup Z eifo(Xi)
where ¢€;,7 € [N] are i.i.d. Rademacher random variables.
4.1 Norm Comparison

Let us collect some definitions before stating each norm comparison result.
For a vector v, the vector ¢, norm is denoted [jv||, := (3, |vi|p)1/p, p > 0. For a
matrix M, [M|, := max,.o |[vIM|/|v| denotes the spectral norm; |M|,—, =
maxy.o [vT M|y/|v]p denotes the matrix induced norm, for p,q > 1; |M|,, =

[Zj (Zl ]Mij]p)q/p] 4 denotes the matrix group norm, for p,q > 1.
4.1.1 Spectral norm.

DEFINITION 3 (Spectral norm). Define the following “spectral norm” ball:

L+1 1z
(4.2) 10]l5 == [ (\X\Z []ID'(x a>] [T,
=0

We have the following norm comparison Lemma.

LEMMA 4.1 (Spectral norm).

0l < 0l -

REMARK 4.1. Spectral norm as a capacity control has been considered in
[Bartlett et al., 2017]. Lemma 4.1 shows that spectral norm serves as a more
stringent constraint than Fisher-Rao norm. Let us provide an explanation of

the pre-factor [E([X|? [T Dt (X )Hg)]l/2 here. Define the set of parameters
induced by the Fisher-Rao norm geometry

Bg(1) :={0:E[v(0, X)"XXT0(0,X)] <1} ={0: %HHGH& <1} .

From Lemma 4.1, if the expectation is over the empirical measure IAE, then, because
|DY(X)|, < 1, we obtain

1 L+1 1/2 1/2
—— ol < |E | |X]? H | DY (X)|2 H W < [E|X]?] ]_[ We
L+1 11

which implies {9 H W, < 12} < Bg(1) .

[E)x 2]
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CAPACITY MEASURE AND GEOMETRY 11

From Theorem 1.1 in [Bartlett et al., 2017], we know that a subset of the
By (1) characterized by the spectral norm enjoys the following upper bound on
Rademacher complexity under mild conditions: for any r > 0

L [Ex2]"* - Polylog
(4.3) RN<{HJ1HWWU<T}>5T. .
t=0 N

Plugging in r =

77, we have,

1
[E1x)2]
(4.4)

- Qlﬂ‘
({9 [T \/D oL X poyeg
E|X|?] [B]x2]

Interestingly, the additional factor [IAEHX 1] Y2 i1 Theorem 1.1 in [Bartlett et al.,
2017] exactly cancels with our pre-factor in the norm comparison. The above
calculations show that a subset of By (1), induced by the spectral norm geometry,
has good generalization error.

4.1.2 Group norm.

DEFINITION 4 (Group norm). Define the following “group norm” ball, for
p=1lg¢g>0

L+1 12
(4.5) 18]p,q = [E <|X| H |D"(X qqp*>] 1_[ Wipg
=0

where % + % = 1. Here | - | ;—p* denote the matrix induced norm.

LEMMA 4.2 (Group norm). It holds that

(4.6)

L+1

REMARK 4.2. Group norm as a capacity measure has been considered in
[Neyshabur et al., 2015b]. Lemma 4.2 shows that group norm serves as a more
stringent constraint than Fisher-Rao norm. Again, let us provide an explanation

1/2
of the pre-factor [E(|X |2, [T-4" [DH(X)2, +)]"* here.
Note that for all X

L+1 L+1 1

1y,
H “Dt ”q—>p* = H k, el )

because

1

[o" D" (X ) [0l _ kt[%*—ah

~ S
v0 [vllg w20 [ulq
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From Lemma 4.2, if the expectation is over the empirical measure IE, we know
that in the case when k; = k for all 0 <t < L,

1 L+1 12 g
t t
Lﬂenfr\[ <|X|| SR ﬁ>] [TIw
1/2 1 1 L
< (maxpl ) (K5 T

L
1
which implies < 6 : H W pq < - < Bg(1) .

By Theorem 1 in [Neyshabur et al., 2015b], we know that a subset of Bg.(1)
(different from the subset induced by spectral geometry) characterized by the
group norm, satisfies the following upper bound on the Rademacher complexity,
for any r > 0

[L_l] L
(Zk P a +) max; || X;||,* - Polylog
e .

L
47) R 0 : wt

Plugging in r = T
@

L
1
Ry [0 [[IW! g < —
(k[ﬁ_5]+) max; || X;l|,#

L , we have
N
) max; | X,

Q=

L
18 = 1 2L (k[z%*féh) max; | X[« - Polylog .
. < T . —
(k[ﬁ7%]+) max; || X;l|,= VN

Once again, we point out that the intriguing combinatorial factor in Theorem
1 of Neyshabur et al. [2015b] exactly cancels with our pre-factor in the norm
comparison. The above calculations show that another subset of By (1), induced
by the group norm geometry, has good generalization error (without additional
factors).

4.1.3 Path norm.

DEFINITION 5 (Path norm). Define the following “path norm” ball, for ¢ > 1

(4.9)
1/2

L+1 . 2/q* L 1/q
I (@)lq == {E< >o1x, [ DL x)) ) ] ( > H|Wz‘ttit+1|q> ;

50,81,y 0L 10,81,..,0 t=0

where % + L =1, indices set ig € [p],i1 € [k1],...iz € [kr],ir4+1 = 1. Here 7(6)
is a notation for all the paths (from input to output) of the weights 6.
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LEMMA 4.3 (Path-g norm). The following inequality holds for any q > 1,

1

(4.10) [0l < [7(O)]q -

REMARK 4.3. Path norm has been investigated in [Neyshabur et al., 2015a],
where the definition is

[ Twr)

§0,i1,0myig, t=0
Again, let us provide an intuitive explanation for our pre-factor
L+1 2/q* /2
E ( > X ] DZ(X)Iq*) ,
10,1 si L, =1

here for the case ¢ = 1. Due to Lemma 4.3, when the expectation is over empirical
measure,

1/2

L+1 2/q* 1/q
K *
L + 1 HerI' ~= ]E ( 2 ’XZO H tht(X)’q ) ( Z H| ltlt+1 ) )
t=1

20,8150 0L 10,81 ,--+,0L =0

< m?’x HXZH(X) ' ( Z H| ’Ltlt+1 )

20,01 ,--.52L t=0
hich impli 0: > H| ! B (1)
whiicn 1mplies . —_— (@ .
b i =0 it | < max; | X o r
O)Zl? :7'L

By Corollary 7 in [Neyshabur et al., 2015b], we know that for any r > 0, the
Rademacher complexity of path-1 norm ball satisfies

L L
2~ max; || X;||o0 - Polylo
Ry ({9 2 H!Wziw!@}) <7 il Polslog

§0,i1,ip, t=0

Plugging in r = WI\X'HM we find that the subset of Fisher-Rao norm ball B (1)
induced by path-1 norm geometry, satisfies

1 1 25 max; | X;|o - Polylog
Ry ({6: S——~7 (|3 ‘ -0
N ({ ‘ Z H W “““ max; | X oo }) max; [ Xl VN

10,01,.-+y01 t=0

Once again, the additional factor appearing in the Rademacher complexity bound
in [Neyshabur et al., 2015b], cancels with our pre-factor in the norm comparison.

4.1.4 Matriz induced norm.

DEFINITION 6 (Induced norm). Define the following “matrix induced norm”
ball, for p,q¢ > 0, as

L+1 12
(4.11) 10l p—q == [ <|X”p H | DY (X q—>p>] H W psq -
=0
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LEMMA 4.4 (Matrix induced norm).  For any p,q > 0, the following inequality
holds

1

10l < [0l -

Remark that |D(X )Hg_,p may contain dependence on k when p # ¢. This
motivates us to consider the following generalization of matrix induced norm,
where the norm for each W can be different.

DEFINITION 7 (Chain of induced norm). Define the following “chain of in-
duced norm” ball, for a chain of P = (pg,p1,...,pr+1),pi >0

L+1 12
(4.12) 6] p := [E <||X||;270 1 |Dt(X)’]22t—>pt>] [TV lpmpees -
t=1 t=0

LEMMA 4.5 (Chain of induced norm). It holds that

1
— 0] < [10]p -
6l < 0]

REMARK 4.4. Lemma 4.5 exhibits a new flexible norm that dominates the
Fisher-Rao norm. The example shows that one can motivate a variety of new
norms (and their corresponding geometry) as subsets of the Fisher-Rao norm

ball.

We will conclude this section with two geometric observations about the Fisher-
Rao norm with absolute loss function ¢(f,y) = |f — y| and one output node. In
this case, even though {6 : ﬁ\\@”g < 1} is non-convex, it is star-shaped.

LEMMA 4.6 (Star shape). For any 0 € ©, let {r0,r > 0} denote the line
connecting between 0 and 6 to infinity. Then one has,

2(L+1)

2
o

d
ol -
This also implies

[0l = = 0] -

Despite the non-convexity of set of parameters with a bound on the Fisher-Rao
norm, there is certain “convexity” in the function space:

LEMMA 4.7 (Convexity in fp). For any 61,02 € O that satisfy
1
L+1

we have for any 0 < X\ < 1, the convex combination Afg, + (1 — A)fo, can be
realized by a parameter ' € ©p .1 in the sense

f@’ = )\f91 + (1 - )‘)f92 ;

0:le <1, fori=1 or2,

and satisfies

1
mWHﬁ <1.
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4.2 Generalization

In this section, we will investigate the generalization puzzle for deep learning
through the lens of the Fisher-Rao norm. We will first introduce a rigorous proof
in the case of multi-layer linear networks, that capacity control with Fisher-Rao
norm ensures good generalization. Then we will provide a heuristic argument why
Fisher-Rao norm seems to be the right norm-based capacity control for rectified
neural networks, via norm caparison in Section 4.1. We complement our heuristic
argument with extensive numerical investigations in Section 5.

THEOREM 4.1 (Deep Linear Networks). Consider multi-layer linear networks
with o(z) = x, L hidden layers, input dimension p and single output unit, and
parameters 0 € O = {WO, W', ... WL}, Define the Fisher-Rao norm ball as in
Eqn. (3.5) .

By, = {0 : Ol < .
#(7) =10 77 10le <}
Then we have

(4.13) ERN (Bu(1) < 71/ 5 »

assuming the Gram matriz E[X XT] € RP*? is full rank.

REMARK 4.5. Combining the above Theorem with classic symmetrization
and margin bounds [Koltchinskii and Panchenko, 2002], one can deduce that for
binary classification, the following generalization guarantee holds (for any margin
parameter o > 0),

E1lfo(X)Y <0 < ]1[21 [fo(X:)Yi < a] + gRN (Ba(7)) + c\/@ ,

for any 6 € By (7y) with probability at least 1 — §, where C' > 0 is some constant.

We would like to emphasize that to explain generalization in this over-parametrized
multi-layer linear network, it is indeed desirable that the generalization error in
Theorem 4.1 only depends on the Fisher-Rao norm and the intrinsic input di-
mension p, without additional dependence on other network parameters (such as
width, depth) and the X dependent factor.

In the case of ReLU networks, it turns out that bounding Ry (Bg (7)) in terms
of the Fisher-Rao norm is a very challenging task. Instead, we provide heuristic
arguments via bounding the Rademacher complexity for various subsets of Bg. (7).
As discussed in Remarks 4.1-4.3, the norms considered (spectral, group, and path
norm) can be viewed as a subset of unit Fisher-Rao norm ball induced by distinct

5This assumption is to simplify exposition, and can be removed.
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geometry. To remind ourselves, we have shown

L
spectral norm By =< 0: H Wy < %1/2 c By () ,
=0 |Bx2|
- v
group p,q norm By =16 H IWpg < ST < Bu(v) ,
=0 (K% ) ma;

L
path-1 norm Bir(yh = {9 : Z H |W7:ttit+l| < 7} < Bu(7) ,

10401 4eeyi, t=0 max; || X

from which the following bounds follow,

Polylog
Ry (Bl,) <7 —Fx—

2L Polylog
RN (Bil,) 77—

2L Polylog

The surprising fact is that despite the distinct geometry of the subsets By,
By.|,., and By, (which are described by different norms), the Rademacher
complexity of these sets all depend on the “enveloping” Fisher-Rao norm ex-
plicitly without either the intriguing combinatorial factor or the X dependent
factor. We believe this envelope property sheds light on how to compare different
norm-based capacity measures.

Before concluding this section, we present the contour plot of Fisher-Rao norm
and path-2 norm in a simple two layer ReLLU network in Fig. 1, to better illustrate
the geometry of Fisher-Rao norm and the subset induced by other norm. We
choose two weights as x, y-axis and plot the levelsets of the norms.

5. EXPERIMENTS
5.1 Experimental details

In the realistic K-class classification context there is no activation function on
the K-dimensional output layer of the network (or41(x) = z) and we focus on
ReLU activation o(z) = max{0, z} for the intermediate layers. The loss function
is taken to be the cross entropy £(y',y) = —(ey,log g(y')), where e, € RF denotes
the one-hot-encoded class label and g(z) is the softmax function defined by,

g(z)=< exp(z1) exp(zk) )T
.. ) )

i TR
Zk:1 exp(zx) Zk:1 exp(zx

It can be shown that the gradient of the loss function with respect to the output
of the neural network is VI(f,y) = —V<{ey,logg(f)) = g(f) — ey, so plugging into
the general expression for the Fisher-Rao norm we obtain,

(5.1) 101 = (L + 1DE[{{g(fo(X)), fo(X)) = fo(X)y}’].
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Fia 1. The levelsets of Fisher-Rao norm (solid) and path-2 norm (dotted). The color denotes
the value of the norm.

In practice, since we do not have access to the population density p(x) of the
covariates, we estimate the Fisher-Rao norm by sampling from a test set of size
m, leading to our final formulas

=

3=
VR

-
Il

—
<
I

(5.2) 101 = (L + 1) 9(fo(w))y[<a(fo(w:)), fo(zi)) — folzi)y]?

(5.3) 0] emp = (L + 1) [Kg(fo(2)), folzi)) — folwi)y]? -

-
Il

=
INngb

5.2 Over-parametrization with Hidden Units

In order to understand the effect of network over-parametrization we investi-
gated the relationship between different proposals for capacity control and the
number of parameters d = pk, + Zfz_ll kiki;x1 + kK of the neural network.
For simplicity we focused on a fully connected architecture consisting of L hid-
den layers with k neurons per hidden layer so that the expression simplifies to
d = k[p+k(L—1)+ K]. The network parameters were learned by minimizing the
cross-entropy loss on the CIFAR-10 image classification dataset with no explicit
regularization nor data augmentation. The cross-entropy loss was optimized us-
ing 200 epochs of minibatch gradient descent utilizing minibatches of size 50 and
otherwise identical experimental conditions described in [Zhang et al., 2016]. The
same experiment was repeated using minibatch natural gradient descent employ-
ing the Kronecker-factored approximate curvature (K-FAC) method [Martens and
Grosse, 2015] with the same learning rate and momentum schedules. The first
fact we observe is that the Fisher-Rao norm remains approximately constant (or
decreasing) when the network is overparametrized by increasing the width k at
fixed depth L = 2 (see Fig. 2). If we vary the depth L of the network at fixed
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width & = 500 then we find that the Fisher-Rao norm is essentially constant
when measured in its ‘natural units’ of L + 1 (see Fig. 3). Finally, if we compare
each proposal based on its absolute magnitude, the Fisher-Rao norm is distin-
guished as the minimum-value norm, and becomes O(1) when evaluated using
the model distribution. This self-normalizing property can be understood as a
consequence of the relationship to flatness discussed in section 3.3, which holds
when the expectation is taken with respect to the model.

5.3 Corruption with Random Labels

Over-parametrized neural networks tend to exhibit good generalization despite
perfectly fitting the training set [Zhang et al., 2016]. In order to pinpoint the
“correct” notion of complexity which drives generalization error, we conducted a
series of experiments in which we changed both the network size and the signal-to-
noise ratio of the datasets. In particular, we focus on the set of neural architectures
obtained by varying the hidden layer width k& at fixed depth L = 2 and moreover
for each training/test example we assign a random label with probability «.

It can be seen from the last two panels of Fig. 5 and 4 that for non-random
labels (a = 0), the empirical Fisher-Rao norm actually decreases with increasing
k, in tandem with the generalization error and moreover this correlation seems
to persist when we vary the label randomization. Overall the Fisher-Rao norm
is distinguished from other measures of capacity by the fact that its empirical
version seems to track the generalization gap and moreover this trend does not
appear to be sensitive to the choice of optimization.

It is also interesting to note that the Fisher-Rao norm has a stability prop-
erty with respect to increasing k£ which suggests that a formal k& — oo limit might
exist. Finally, we note that unlike the vanilla gradient, the natural gradient differ-
entiates the different architectures by their Fisher-Rao norm. Although we don’t
completely understand this phenomenon, it is likely a consequence of the fact
that the natural gradient is iteratively minimizing the Fisher-Rao semi-norm.

5.4 Margin Story

Bartlett et al. [2017] adopted the margin story to explain generalization. They
investigated the spectrally-normalized margin to explain why CIFAR-10 with ran-
dom labels is a harder dataset (generalize poorly) than the uncorrupted CIFAR-10
(which generalize well). Here we adopt the same idea in this experiment, where
we plot margin normalized by the empirical Fisher-Rao norm, in comparison to
the spectral norm, based on the model trained either by vanilla gradient and nat-
ural gradient. It can be seen from Fig. 6 that the Fisher-Rao-normalized margin
also accounts for the generalization gap between random and original CIFAR-
10. In addition, Table 1 shows that the empirical Fisher-Rao norm improves the
normalized margin relative to the spectral norm. These results were obtained
by optimizing with the natural gradient but are not sensitive to the choice of
optimizer.

5.5 Natural Gradient and Pre-conditioning

It was shown in [Shalev-Shwartz et al., 2017] that multi-layer networks struggle
to learn certain piecewise-linear curves because the problem instances are poorly-
conditioned. The failure was attributed to the fact that simply using a black-box
model without a deeper analytical understanding of the problem structure could
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‘ Model Fisher-Rao Empirical Fisher-Rao  Spectral

a=0] 1.61 22.68 136.67

a=1]2.12 35.98 205.56

Ratio | 0.76 0.63 0.66
TABLE 1

Comparison of Fisher-Rao norm and spectral norm after training with natural gradient using
original dataset (a = 0) and with random labels (o = 1). Qualitatively similar results holds for
GD+momentum.

be computationally sub-optimal. Our results suggest that the problem can be
overcome within the confines of black-box optimization by using natural gradi-
ent. In other words, the natural gradient automatically pre-conditions the prob-
lem and appears to achieve similar performance as that attained by hard-coded
convolutions [Shalev-Shwartz et al., 2017], within the same number of iterations
(see Fig. 7).
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F1G 2. Dependence of different norms on width k of hidden layers (L = 2) after optimizing with
vanilla gradient descent (red) and natural gradient descent (blue).
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FIG 7. Reproduction of conditioning experiment from [Shalev-Shwartz et al., 2017] after 10*
iterations of Adam (dashed) and K-FAC (red).

6. FURTHER DISCUSSION

In this paper we studied the generalization puzzle of deep learning from an
invariance point of view. The notions of invariance come from several angles: in-
variance in information geometry, invariance of non-linear local transformation,
invariance under function equivalence, algorithmic invariance of parametrization,
“flat” minima invariance of linear transformations, among many others. We pro-
posed a new non-convex capacity measure using the Fisher-Rao norm. We demon-
strated the good properties of Fisher-Rao norm as a capacity measure both from
the theoretical and the empirical side.

6.1 Parameter identifiability

Let us briefly discuss the aforementioned parameter identifiability issue in deep
networks. The function classes considered in this paper admit various group ac-
tions, which leave the function output invariant”. This means that our hypothesis
class is in bijection with the equivalence class Hj ~ ©/ ~ where we identify 6 ~ ¢’
if and only if fy = fg. Unlike previously considered norms, the capacity measure
introduced in this paper respects all of the symmetries of H,.

Non-negative homogeneity In the example of deep linear networks, where
o(x) = z, we have the following non-Abelian Lie group symmetry acting on the
network weights for all Ay,...,Ap € GL(k1,R) x --- x GL(k,R),

0 — (WOAL AW Ay o AT W A, AT

It is convenient to express these transformations in terms of the Lie algebra of
real-valued matrices My, ..., My € My, (R) x --- x My, (R),

0 — (WOoM e~ MipyteMe o= MiyyleMivy o= Mipyly

If o(x) = max{0,z} (deep rectified network) then the symmetry is broken to the
abelian subalgebra vy, ..., vy € RF x ... x RFL,

Ay = ediogon) N, cding(on)

Dead neurons. For certain choices of activation function the symmetry group
is enhanced at some 6 € ©. For example, if o(x) = max{0,z} and the parameter

"In the statistics literature this is referred to as a non-identifiable function class.
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vector 6 is such that all the weights and biases feeding into some hidden unit v € V'
are negative, then fy is invariant with respect to all of the outgoing weights of v.
Permutation symmetry. In addition to the continuous symmetries there is
discrete group of permutation symmetries. In the case of a single hidden layer
with k units, this discrete symmetry gives rise to k! equivalent weights for a given
6. If in addition the activation function satisfies o(—z) = —o(z) (such as tanh)
then we obtain an additional degeneracy factor of 2%,

6.2 Invariance of natural gradient
Consider the continuous-time analog of natural gradient flow,
(6.1) df; = —1(0;) " Vo L(6;)dt,
where 6 € RP. Consider a differentiable transformation from one parametrization

to another 6 — ¢ € R? denoted by £() : RP — R?. Denote the Jacobian J¢(6) =

O&162:8) & RaxP_ Define the loss function L : & — R that satisfies
0(01,02,...,0p)

L(6) = L(£(6)) = Lo&(8),

and denote i(ﬁ) as the Fisher Information on ¢ associated with L. Consider also
the natural gradient flow on the £ parametrization,

(6.2) d& = —1(&) ' VeL(&)dt.

Intuitively, one can show that the natural gradient flow is “invariant” to the
specific parametrization of the problem.

LEMMA 6.1 (Parametrization invariance). Denote 6 € RP, and the differ-
entiable transformation from one parametrization to another 6 — & € R? as
£(0) : R? — RY. Assume 1(0), 1(¢) are invertible, and consider two natural gra-
dient flows {0;,t > 0} and {&,t > 0} defined in Eqn. (6.1) and (6.2) on 0 and &
respectively.

(1) Re-parametrization: if ¢ = p, and assume J¢(0) is invertible, then natural
gradient flow on the two parameterizations satisfies,

é(at) = €t7 Vtv

if the initial locations 0y, &y are equivalent in the sense £(6y) = &.
(2) Over-parametrization: If ¢ > p and & = £(0;) at some fized time t, then
the infinitesimal change satisfies

EOprar) —&(0r) = My(&prar — &), My has eigenvalues either 0 or 1
where My = 1(&)~Y2(I, — ULUDI(&)Y?, and U, denotes the null space of
1(6)'2J¢(0).
7. PROOFS

PrOOF OF LEMMA 2.1. Recall the property of the activation function in (2.2).
Let us prove for any 0 <t < s < L, and any [ € [ks41]

50f+1

(7.1) > WW; = 07 ().
ie[kt],je[kt+1] v
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We prove this statement via induction on the non-negative gap s —t. Starting
with s — ¢t = 0, we have

aO;Jrl aO;Jrl aNltJrl

Wy TN W]

= o' (N/"}(2))O}(x),

60lt+1 ‘
al/ij =0, forj#lI,
and, therefore,
(7.2)
oot t+1 t+1 t+1 t+1
Y S = D SN @)OMW = o (N )N (@) = O (2).
ielke],je[ki+1] 4 ielke]

This solves the base case when s —t = 0.
Let us assume for general s — ¢ < h the induction hypothesis (h = 0), and let
us prove it for s —t = h + 1. Due to chain-rule in the back-propagation updates

(7.3)

ooptt oot 5 ON; T 003
t s+1 s t "
Wl TN & Ta0; oW

Using the induction on jmofi as(s—1)—t=nh

003 s
(7.4) 2 8Wl§» Wzt] = Oy (z),
i€[ke],j€lke+1] Y

and, therefore,

Z 007! -

1€ke],jelke+1] aWitj N

_ 205t NS a0y
i€[ke],jelke41] NlSH ke[ks] 20;, aWitj Y

_ o0;+! Z ON; Tt 003 -
5le+1 kelks) 00;, i€[ke],je[kt+1] aWitj Y

=o' (N () Y, WiOi(e) = O] (2).
keks]

This completes the induction argument. In other words, we have proved for any
t,s that t < s, and [ is any hidden unit in layer s

0O i et
(7.5) Z Wt Wi = 07 (x).
i, jedim(Wt) ij

Remark that in the case when there are hard-coded zero weights, the proof
still goes through exactly. The reason is, for the base case s = t,

60t+1
Y Sl = 3 o (N @) Ol WL # 0) = o (NP () NP () = OFF (@),
i€[kt],j€[ke+1] v i€[kt]
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and for the induction step,

aOs+1 S S S S S
Z awt ij = U/(Nl H(@’)) Z WO (z)1 (W # 0) = OZH(CC)-
i€[ke],j€lke+1] K ke[ks]

O]

PROOF OF LEMMA 4.1. The proof follows from a peeling argument from the
right hand side. Recall O € R'**t one has

1

m”guﬁ |OLWLDL+1 2] because |OLWL| < ‘WLHO— . HOLHQ

|
[IWE)Z - 10713 - DM (X)) 7]

[|DL+1 |2 HWLH2 HOL_IWL_IDLHg]
[[DEFHCOP - W2 - 0P WEH 3 - D[]
[ID¥IZID O - W R Iw 2 - [0 3]
[ID¥IZID O IZIOHE] - W g w2

repeat the process to bound |OL~Y,

L+1 L
<E (\X2 11 \Dt(X)§> [Tz = o2
t=0

Il
ﬁﬁﬁﬁﬁﬁ

NCINN

t=1

O

PrROOF OF LEMMA 4.2. The proof still follows a peeling argument from the
right. We know that

il = E[0fw D]
<E[[WH3, - [O" 5« - [IDMHX)P]  use (7.6)
=E[ID"H X - [WE . - lOF WD
<SE[IDMX)P - WEHG g - O WEE HDLHqu*]
<E[|D"5op | DX 'HWL >l 'HOL Hpe]  use (7.8)
= E[| D3+ ID" X5, | el |
< repeat the process to bound HOL L

= [017.4

L+1
<E<X@IHU qﬂgrlw

t=1

In the proof the first inequality we use Holder’s inequality

(7.6) (w, v) < wlp|vllp
where % + p* = 1. Let’s prove for v € R", M € R we have
(7.7) [T M|, <
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Denote each column of M as M. ;, for 1 < j < m,

m 1/q m 1/q
(78) " M|, = (Z \vTMj\q) < (Z [Vl 2 1ML ||q) = [[v]lp* [ Mp,q-
Jj=1 J=1

O

PROOF. Proof of Lemma 4.3 The proof is due to Holder’s inequality, for any
r e RP

D @i Wi Dy (2)Wh,, -+ Df: (x)W DM ()

10%1 irin
10,81 ,-s0 L,
1/q* 1/q
*
< ( Z |x10D111(x)DzLL(x)DL+1($)‘q ) ' ( Z |Wz?)11W111z2W12213 Wzﬁ|q> .
50,81y L, 20581550
Therefore we have
1 2
ToelfIE =Bl X XaWi, D ()W, - WEDEFH(X)
( + ) 80,815y,
2/q 2/q*
%
< ( Z |WZ%Z1W11122VVZ227,3 WzLL|q> -E ( Z |X Dl ( ) DfL(X)DL+1(X>|q ) )
50,81y L, 20,81 5-++50L
which is
1/2

1 L+1 2/(1* 1/q
*
7100 < E( > rXiOHDﬂXW) ( S [ ) ~ [7(®)l

10,81 ,-++50L 10,81 ,--+,0p =0

O
PROOF OF LEMMA 4.4. The proof follows from the recursive use of the in-

equality,
[ M p—qlv]p = H”TMHq

We have
|01 = E[[O"WED ]
<SE[IWE g - 10"]5 - 1D (X))
<E[|DE(X)2- [WEZ, - |[OFtwE-1DE|2]
<E[IDYHX)P - IWEEL, - [OF T WEHE - DR,
<E[IDY5-p I DF X oy - IWE I W E T g - 10717
< repeat the process to bound |01,

L+1 L
(X\pH\Dt qﬁ,)HIWtIM 16]7—g:

t=0

where third to last line is because DLF1(X) e R, [DEFY(X)| = |[DEFH(X)|g—p-

O
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PrOOF OF LEMMA 4.5. The proof follows from a different strategy of peeling
the terms from the right hand side, as follows,

017 =

o

_|DL+1(X)|2 X HWL 2
D91 ()2 w2

_HDL 2

E [|OLWLDL+1 |2]
_HWL 2

HOL 2

HpL—>pL+1 HPL

. ’DL-H(X)’Q]

. ‘OL_IWL_IDLH;%L]

”PL—>PL+1 ‘

oW, DY

PL—PL+1 pL—’pL]

L L L— L—
HPL"pL|D +1(X)‘2 W ”127L"pL+1HW 1||I27L71"I’L -|o 1H127L—1]

L+1
HXHpO H ”Dt ‘ptﬁpt> 1_[ HWththt+1 HHH%’

t=0
O
Proor orF LEMMA 4.6.
d
b1 = E[20% fr0(X) frs(X)]
L+1
=E { (L + )ng( )frg(X)] use Lemma 2.1
2(L + 1)
= =—— Il
The last claim can be proved through solving the simple ODE. O

PROOF OF LEMMA 4.7. Let us first construct 6’ € O, that realizes \fp, +

(1

— A) fo,. The idea is very simple: we put 61 and 03 networks side-by-side, then

construct an additional output layer with weights A\, 1 — X\ on the output of fp,
and fg,, and the final output layer is passed through o(z) = z. One can easily
see that our key Lemma 2.1 still holds for this network: the interaction weights
between fy, and fp, are always hard-coded as 0. Therefore we have constructed
a 0’ € O that realizes Afg, + (1 — \) fo,.

Now recall that

because E[ fo, fo,] < (E f31)1/2 (E f922)

0 = (B £3)

(E )‘f61 ( _)‘)f 2)2)
)‘(Efel)l/z ( )(Ef92)1/2\1

L+2
1/2

1/2

PROOF OF THEOREM 4.1. Due to Eqn. (3.5), one has

Tl -
=v()"E[XXT]v(0)

E[v(8, X)"XXTv(0, X)]
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because in the linear case v(0, X) = WD (2)W'D2(z) --- DF(2)WEDI* 1 (z) =
]_[tL:O Wt =: v(0) € RP. Therefore

N
1
Ry (Ba(7)) =E sup > € fo(Xy)
€ 0eBu(y) Y ;31
1 N
=E sup — Y X v(d)
€ QEBfr('Y) Zl

=E sup — ZGZXZ,U >

€ 0eBy: 7)

Yox

\'yIE

[E(XXT)]™!

N 2

Z eiXi

=1

1 |1
— |=E

<
TUNA| N e

[E(XXT)]™!

_ L T Ty1—1
_Vx/ﬁ\< ZXX, (XXT)] >

Therefore

ERN (Bfr(’)/)) = ’Y\/*J < Z Xi XTv XXT)]_1> =7 %

Proor oF LEMMA 6.1. From basic calculus, one has

VoL(0) = Je(0)'VL(€)
1(0) = J¢(6)"1(£)T<(6)

Therefore, plugging in the above expression into the natural gradient flow in 6

dby = —X(0;) 'V L(6;)dt
~[Te(0) TTE 0T (0] Te(00) T Ve L((01) .
In the re-parametrization case, J¢(#) is invertible, and assuming & = £(6;),
dfy = —[Je( @)TI(f(et))J (001713 (00)" VeL(&(01))dt
= —Je(6:) ' I(E(00) T VL (E(0))dt

Je(0:)d0; = —X(£(0;)) ' Ve L(£(6y))dt
d€(0;) = —1(£(61)) " VeL(£(6r))dt = —T(&) ™" VeL(&)dt.

What we have shown is that under & = &(0;), £(0trat) = &tvar- Therefore, if
o = &§(6o), we have that § = £(0:).
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In the over-parametrization case, J¢(f) € R?*P is a non-square matrix. For
simplicity of derivation, abbreviate B := J¢(#) € R7*P. We have

dOy = O g0 — 0y = —1(0;) ' Vo L(6;)dt
= ~[BTI(&)B] ' BTVL(£(6:))dt
B(0yra — 0:) = —B [BTi(g)B]_l BTL(£(6,))dt.

Via the Sherman-Morrison-Woodbury formula
1 . -t . - I
{Iq + 61(5)1/2BBTI(§)1/2] = I, — 1(6)2B(el, + BT1(¢)B) "' BT1(¢)?

Denoting I(¢€)/2BBT1(¢)Y/? = UAUT, we have that rank(A) < p < q. Therefore,
the LHS as

—1 -1
[Iq + 11(5)1/2BBT1(§)1/2] =U [Iq + 1A} U’

-1
lim {Iq + 11(5)1/2BBT1(§)1/2] —u, Ut

e—0

where U, corresponding to the space associated with zero eigenvalue of I(¢)/2BBTI(€)V/2.
Therefore taking ¢ — 0, we have

1
i 1, + 2H© BB |~ i1, (2B, + BTHOB) BT

e—0

1)U Ut = 1) - B(BTI(¢)B) ' BT
where only the last step uses the fact I(€) is invertible. Therefore

§(Orrar) — &(0r) = B(Orrar — 64)
— —B[B™,(&)B] " BTV L(¢)dt
= —nI(&)" 2 (Ia — ULUT L&) 2V L(&)dt
= X&)~ (1a — UL UDIE) M {1() T Ve (€)t |
= Mt(£t+dt - gt)

The above claim aserts that in the over-parametrized setting, running natural
gradient in the over-parametrized is nearly “invariant” in the following sense: if

5(90 = ét; then

§(Orrar) — §(0r) = My (Sear — &)

My = (&)™ "2(1, - ULUDI(E) '
and we know M; has eigenvalue either 1 or 0. In the case when p = ¢ and J¢(6)
has full rank, it holds that M; = I is the identity matrix, reducing the problem

to the re-parametrized case.
O
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